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Page 2.

Annctation.

Jynamic programming - receiva.y 3m3Cyant and intensely developing
section of mathamatics, whicu jives nataods fcr thae sclution of
important practical prctlews. viscussion deals with planning/gliding
of production or other jroCssses wanen control by them is realized by
a2 mulcistage path in view or tasac Complexity. To such tasks can be
attriputed, for examrle, tne sdsw.tion ot the mcst advantageous
profile/airfoil for laying Out the Ciiivay line (decomposed into the
sariss/rovw of secticns), the 3Seswcridn of the best sizes/dimensions

0f th3 steps/stages ¢f multistaye rO-kat and many others.

In this bock for the zi.sc c.meé ia taa Soviet litarature is done
the attempt to accessitly pieseut wasic 1deas and methcds of dynaaic

Frogramminge.
the hook is of interesc roi .as vwade circle of the workers of
science and producticn, and si3v iur ail persons, developers of

conteaporary science interesciuye

Page 3.
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Prefice.

In the book is given tnc cicuwenciacy presentaticn of the method
of dyaiamic programming whica is cousidiared as tha jeneral method of
the construction of optiasua <cutiva oy different tyres cf physical
systaas. The book is intendaeu fus tha sngineers, the econoaists and
the scientific werkers cf the JuliwC3dl Spacialtias, which are
occupied by questions ¢t piawniny/yliding, and also by the salection
of tha rational parameters o. tecanizal davices,equipment. The-author
did not place to himself Dy .as vask Of giving strict and consecutive
oresaantation of the matheémat.ca. aspzct of methcd, and he attempted
to make him clear and avaisaeie Iuwi tha wide circle of practical
vorkars, who do not have Spe.lia. watnazatical formaticn/education and
interested mainly in the direct use/ipplicaticn of a method to their
tasks interesting. This tarjet uecwerained by itsealf the style of the
presantation accepted: the ouox wazely cetatains strict proofs; the
explanation of the principles oZ wetaol 1s conductad with the support
to> tha nultiple practical tas«s aua cae exasples of which many are
led to the concrete/speécific/actuas auasarical result. Tasks and
examples are undertaken frou tne wost varied regions cf practica; in
the presentation are struesse. tae yelarcai/common/total features,

vhica sake it possible tC wéviue wj taarzr sisilar methods.

L . ¥ R U e
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Page 4.
vd

The mathematical appardas.us, usei in the tock, is simple and
aovhare it exceeds the limits vi a8 course of advanced calculus, set
forth in all VTUZ ($1joe. tacanical eduwcational
instizution], and for the wost jact Lt does nct raquire even this and
is raluced to the simple ari.amet.c ind algebraic ogperations.
Hovevar, for the conscicus waStei.ng of material is required the
xnown stress/voltage of caou,he. o)y 3o@swnat unusual ocnes for the
inexpsrienced reader can sees tae uséd with the presentation general
formulas; however, the séense OL tues? foraulas and figuring in thenm
dasiguaticns is in detail ax.iawueu L0 the text. Por the
under standing of two latier/.ase garagrapas (§§ 15 and 16) is
raquirad the acquaintance wi.h cus aleasntary ccacrqpts cf the

probanility theory.

fhe disaantled/selected at tue aook‘specific problems intended
are salected very sisgle taac tue cuaparsome calculations would not
shield the entity of methcu. Ia peoaciice, as a rule, it is necassary
to b2 encountered with the mvIe cuwplax probleams for solving which it
is necessary to drav ccnteapurai, eslactronic cceputational

anginwering. Keeping ir mina tae ueel for the ccmposition of sachine
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algorithas, the author for tue eivugation/extent of the eantire book
uses the standard logic circuic e tas ccastruction of the process of
step ny step optimizaticn aau tae stiandard sequence of formulas,
vhich facilitates prcgraawmin, roir zVIsd (electronic digital

computer].

rhe author conscictsly uouwmusa ainself by the examination only
cf tha discretized problems .z djy.amic programaing wita a finite
number of steps/pitches @ anu laeit aside the lisiting cases, which
correspond m—»= and tc the uuiisited diacraase of the langth of
step/yitch. However, the disc.incc mastering of the idea of method on
the 2lementary tasks can Suvotdussally facilitate tc raader, who
dasiras to obtain more iantidate auoOWwledye, further study of

objecc/subject on the Bcre solid wanayaments/sanuals.

Ye. Vanttsel'.
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Page 3.

§ 1. rask of dynasic preyramuwaiaye

Jynamic prograasminc (oz, otasidiia, "dynamic programming") is
the special mathematical aypaCatus, daich perwzits izplamention of
optimanm planning/gliding or caa cventrolled prccesses, Under "those
controlled” are understccd tue pivcessas to ccurse cf shich ve can to

cne or the other degree afrecte.

didely-known close atteanticu, yiven 0y contempcrary science to
gquestions of planning/glidiu, 1us asl Tayions ¢f human activity. Most
jeneril problem of optimum (va3szy pliininj/gliding is placed as

3.
follows. -

* .

L8t Fe assumed :c the resdi.sariosn certain acticn or the series
of tha actions (is QhOtter, wopaertation"), which pursues the specific
target. It does r%quest itsesf: wuw it 15 necessary to crganize (to
plan) operation so that it wuuaa bLe sost afficient, i.2., in the best
vay sitisfied tMe stated beriuie it requiramants?

L

30 that stated prcilem of uvpt.mud planning/gliding would gain

quantitative, aathematical character, it is necessary to intrcduce




.
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into the examination certaiu auascaicil critaerion W, by which we will

characterize quality, success, sicicivacy of operation.

value W, depending on tu3 caaiaztar of the dacidad task, can be
chosaa by different retbcds. Fo: wxample, during planning/gliding of
the activity of the system ve inudstrclal enterprises as criterion W
can b3 (according to the corcumstanc3s) salected the total yearly
volumas of producticn or the uet iLewveaus; the criterion c¢f the
efficiency of the wcrk ¢f tiaads 0.t 3yscem can ba, for exaafple,
ganeral/common/total gccds te8igyut tdraover or the mean costsvalue of

the saipment of the tcn cf ivau.

Page 3.

The criterion of the efficieucy uc tae pombing raid can be, for
example, averages/mean aréa C. ctie Laused destructiop eithar ar
averaje number of affected aw jécts, or the costsvalue of the reducing

works which it is necessary to iuatiil opponent.

senerally the criteriou oi watiziancy in each specific case is
chosaa on the basis cf tae pulpyuserul diraecticnality of operation and
task Jf research (vhat elemsit of control is cptimized awe for

which) .
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Pfask of rational planniu y/yse.uiay - to select this methcd of
crganizirg this system €L GyelatavikS ia crder to becoms maximum (or
the minimum) some criteriou W. ii oS tae criterion 'is undertaken such
valu2 wvhose increase tc us 1. piviatidDic (fcr example, income fronm
the group of enterprises), tudu 2. tagy attempt to tecorse maximunm.
1f, oa the contrary, value w 1t .o profitable to reducs, then it_they
attempt to become tte rinimuw. il iS obvious, the task cf the
pinimization of critericn edsliy 45 reducad tc the task of
maximization (for example, o0, Sigu chanye cf critericn). Therefore
subse Juently in the exasibnat.cu vi th2 tasks cf planning/gliding in
the ganeral/commcnstctal sevelhy we #1il tfrequently spaak sieply

about the "maximizaticr" ¢i o¢rite.iou d.

»2t us give now quantitative, mitaamatical posing of general

problam of optisum glarring/yladinyg.

There is certain physical s;ystea 3 whose state in the course of
time varies. Process is ccuiteciieu, L.@., we have the capability to a
certain degree to affect its couise, caoosing at its discretion the
anotaar control U. With tne Prucess Ls ccnnected certain valuye (or
critacion) W, which derends 01 tue used contrcl. It is necessary to

select this contrcl U s£¢ tuae taus valua w wculd beccme maxinmuam.

Contemporary mathematicCal sC.en>d aas available the whole
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arsenal of the methods, whicu aake it pussible to solve the task of
optimuam control. Among theuw specias positicn cccupies the method of
dynamic programming., Thke speciis¢ charactar of this method in the
fact chat for finding the upiisuw coatrol the planned/glida cperatiocn
is divided into the seriwss/i. v v. cCOasacutive "steps/pitches" or
"stagas". Respectively tae vel; p.uC3ss of planning/glidiag Lecomes
"multistage" and is deveiopeu cousecitively/serially, from cne stage
to tha next, moreover €aca t.llc .s Optiaizad contrcl cnly at cne

step/pitch.

Page 7,

jome operaticns naturasey ia«s LDtO the stajes; in others this

articulation is necessary to od«su-in artificially.

Let us consider an exaua.ie "iugically nmultistage™ operation. Let
te planned/glided the activi.y i cerctain system of the industrial
enterorises

m. M, ..., m,
for cartain period of time I, vaucu coasists ¢f a of econcmic years

(Pig. 1.1).

In the beginning ¢f pei.ou T i0- ctae development of the systea

of encterprises are selected »Caw wasic means K; furthermore, the
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functioning enterprises yive Scue 4D-04<, which is realizaed at the

end of sach year in the fciuw ¢i puae/clean gain.

2n the beginning ¢f cacu Lescal y2ar (i.e. at momants/torques
by tge oo te oooi ty) 1S PrCOUCEU IlLaucaD) tne eptire systea of
enterprises, moreover fcr vaca vi vh3m .s selected some snare of the
means, available at this time ac tae disposal of the planning/gliding

organ/control.

-et us designate *{’ tne suw, separated in the beginning of the
i year in the share cf entaes rise [

Is raised the guesticau: aue .v LS nacessary to distribute on the
enterprises initial capitai K auu incomes entering so that tcward the
end o the pericd cf planmnia,/jasd.nj I total income from the entire

systam of enterprises wculd pe waximum?

the formulated task is wne T ;p.ica. task ¢f nmultistage

rlanning/gliding.

L8t us look, are stch tudy Cau 23 approaches to the solution of

this groblen.
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0 i e A 4L 4 e 'y W t
Id 208 2-d ce e B2 v . mieod
(7 O]
Fig. 1.1,

Kay: (1)« y year,

Page 3.

«et us assume that the uisctiasution of means on by l-th the
step/pitch of operaticr is cafi.eu 04t, i.9., ¥e sSelected the

specific control U

U= (¥, xP. ..., &), (1.1)

Pormala (1.1) is read as fou.owss ccatios y, cn ay l-th step/pitch
lies in the fact that we 1so.aced LO encerprise P, cf aeans «\". to

enteryrise P, - means * ana s¢ fuita.

Jsing widely used termiuosiuy,;, sontraol U, it is gossible to
visualize as vector in a x- ,fauuacel space whose ccaponents are

o ]
3qual to «h, X ..., xm,

w8t us consider entire sdc vi controls (allocated rescurces)

Up Up e Un (1.2)
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at s 3taps/pitches of cperatevu aa 8 O vectors in a k- disensional
spacy. The critaericn cf efiiclew, 7 Oc multistage cperation, as
vhich ve did select totai .iL.Cude uas 3 Ul years, does depend on the
entirs set of centrels (1.4
W=w, Uy .. .. Uy an
I8 raised the Juestion: 4s tu salact contrcl at each step/pitch,
i.,e., a3 to distribute E<¢aus, ¢ eual cae value 4 “culd take maximum

valua?

lhe posed by us tased vu s,wc.fiC wixanfle frobles easily can be

generilizad.

«6t be planned/gliced tue ueiatida, which falls to a of
consacutive staps/pitcleés oI 3tayes. 14 tne beginning of sach (i-th)
stagy it is necessary in a apdCesese 2320eC to select available

pacasstars

| P TN
;'l', X‘ .

set > which

U‘ =(X““, 10‘2)' . )

foras control in tha i staye.

Page ).
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AS it is nmcessary to seiect h2 set of the controls
Uy Uy ..., Un
s0 that certain value W, wai.a usgenis ou {it, wculd becose the
saxiaum:
W=WWU, U, .... Uy)=max?
Tha method of dynasiC .djy.awwiaj wakes it possible to produce

this optisus flanning/gliaiu, sw, by step, optisizing in each stage

only jne step/pitch.

senerally speaking, talo ap ivacn ¢ the determination cf the
optimias solutiocn is not tne voi; ,uSsiole. The ta3x of planning the
sultistaye processes in the  Cfilicigle auaits ancther soluticn -

direc:, with which all steps, p.tiues alfs joined intc cas.

Actually/really, let uas CLum.ub: craitericn ¢ as function from
the 3lements of contricl at @aca atep/pitca:

Wa\V(:‘l“. o0 x4, o8 X0, xD, )
(1.4)

This function of many aigJuse.ta Cau 2@ :Iaced to the saxiaum, as
such, without the necessar; uist.asucicu Of the elasents/cells of
contruil "on the steps/fitCuea™. cu. CLhes it is necessacy to tind this

valus part of arguments ¢/ ({m1.2...  m /=1. 2 ...), with which functicn
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(1. 4) reaches maximum,

1t would seem, Lty what slu.iea? It 15 necessary tc use fcr the
detaraination of maxinul tie CsassacCal awthed: to diffarentiate
fanction W of all acgnrents, tw wyuatd derivatives zero and to solve

the sutained systes cf equat.cus:

W 0 Y g .

oxh T g T

w oW . oW W
;x?’._o. I‘Tﬁ:O. ey m.—_‘ K —0—3=0 . (!5)

2 “tm ™

Jowever, this simplicit; .s allusury.

Zirst, wha3n steps,jitCcunes wuvu, tais methcd bacomes very bulky.
The task c¢f sclving the Systed vi wquavicas (1.%) in the simglest
cases only proves to be @asi.y Solvaonla. AS a rule, it is very
conmplicated, and frequertl; 1t .o was3isl directly” grcpe" the maxiaum

of fuaction (1'.4), than to Suive 3 steu of eqyuations (1.5).

Fage 10.

furthersore, the pethou 11auicatad doaes nct coapletely guarantee
the laterainaticn of tlhe SoLuceclh | Lac U3 recall that by itself
totation/access of derjvative .uULV 2410 does not ensura the raximun

of fuaction, and is alvajs reju+iew Lurther checking. Moreover, this
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methoi doces nct give tl§ pussivesscy to zand raxisus, i€ it
lies/rests not inside, tut ou tae woindaiy of the region of the
possiile values of the argudencs (foc axaaple, see Fig. 1.2: the
absolute maximum of furctivi d(«) .S reaca2d not at points x,, x,,
X3, 4aere the derivative is « juax O zaro, but at end-point " of the
regioa, in which is fpreset tae ruuction). So that even in those rare
casas when system of egtat.Gu3i (1.5) can pe sclved, finding atsclute
maxinum requires the whcle systew of caecxings, the acre ccmglicated,

the gceater the arqusents ia funceson.

finally, it is necessal; cu supplsment that in tha saries/rov cf
practical tasks functicr ¥ jelesas.y Caandt be differentiatad; for
example, when the elemeats ur ceutiolx @ .0 b xd .. QD L2

are tae not continuously not CualyuRj, Dut discretesdijital values.

All these circumstances leaud L0 taa fact that the
use/application of classicai mecavus of analysis (or the calculus of
variacions) to the sclution vt toe aijority of the tasks of
planning/gliding proves tc be .ueiiect.ve: it reduces initially
statel prcblem c¢f findirg tone wax.mua to such secondary tasks which
prove t> be nct simpler tnau toe initiasl, but often also it is more

coaglicated.

At the same time the scautacu OL sica many probleas can be
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substintially sisplified, 1r we uavelopy the process of
planninj/gliding step ty step, Le@., Oy the method cf dynaamic
prograsming. The idea ¢t swthol .u tne fact thtat tinding the maximum
of tha functicn of many vacialie/astaCiaating is substitutad by the
repeiced finding of the szasiwuw vi functvaion of cae cr small nuater of

variaole/alternating.

dhat in this case are applied mataods, it will te evidently frca

the f£rllowing presentatica.
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Fage 11,

§ 2. ?rinciple of the step o, ste, conszructicn of cptimum ccntrol.

Fhus, dynamic prcgrammiuyj s »tsp oy step planninysgliding of
the ailtistage process, auriuJ saich ia dach stage is optimized only

cne scep/ritch.

At first glance it can seeau vuat Lormulated idea is sufficiently
trivial, Actually/really, taat %tae hers odd: if it is difficult te
optimiza control immediatery fui tae 2iongaticnsaxtent cf entire
cperation, then to deccmpose 1t 1uto tae seriessrow of consecutive
staps/pitches and tc OfFtiRkize sapasalaiy e@ach staps/pitch. Not so

whethar?

Jcompletely not thus ! [uaa piancipia Of dynawmic programming does
not i1 any way assume tiat, catus.ug contrcl at one single
stap/aitch, it is possitlae tu roLyet avout all cthers. On the
contrary, contrcl at each stey/pitch adst be chosen taking into
accouat all its af*ereffecrs i1i tue fd4cdie. Lyramic programming -

these are planning/glidiny falsagntad, taking into accournt

nrosnect, This not short-sighted nlanninc "hlindlv" for

one sten ("come what may nrovided was now 7ood"), Mn the
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contriry, contrcl at each stuy/pevuh 135 chosen on the tasis cf the

intarasts of operaticn as a «hoie.

wet us illustrate tlke pelucCipie oi "farsighted™ planning/gliding

tased on examples.

Let, for example, ke piailucdusylidad the work ¢f the group of
heter ygeneous industriai euteipaivses £for the period of tiwe » of
years and final task is obtvae.dsay tha aaxamup capacity cf the

production of certain class € vf cunsuaslns® geods.

In the beginning ¢£f paiadu us a spscific suppiy cf means of the
production (machires, equigwmagy, wiia tane help of which it is

rossiole to beygin the pIcducCiLluvu va joods of this class.

8y "step/pitch” or "s.aga¥ i tna process of planning/gliding is
fiscal year. Let for us D@ 1u psusp@>t tae selaecticn of the solution
for tae purchase of raw mateé.lids, Machiues and the distributicn of
psans according to the entsl Lises td cane first year. During the
*shorc-sighted" step by Ste, piauuslyj/jliding we wculd make the
dacision: to put a maximus yidutiey; JL Reans into the purchase of raw
material and to release existiL, wacninas at full pcwer, whareas
approaching the maxiaur cagaecit; vi ta3d production of class C toward

the and of the first year.
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Page 12.

> what it can give tuis paawaing/jizding? Io the rapid wvear of
machije park and, as a resSdie, v0 rhs Zact that on the second year

the production will fall.

Juring the farsigkted piadduiuy/jJirdaing, cn the ccntrary, will be
proviied the acticns, whica ensuie fililag machine fark in proportion
to its w#ear. Taking intc acceuav suca .avastments the capacity of the
production of the basic goods € ia tne first year will be less than
it coild ke, but will ke proviuca ths possibility of exgpanding the

groduction during the stbseyueutr joals.

vet us take another exawgie. 1h3 process c¢f planning/gliding in
the cneckered game alsc wiil fuas.s 42t0 tne single sters/pitches
(courses). Let us assume tha. Tae L[ijuces are conditicnally evaluated
ky ¢cn9 or the cther numier O. Jiaond3 Jith respect to their
importance; taking figtre, we +#.u this number of glasses, and giving

up - 4e play back.

deasonably whethker 1t w.ii, taink.uy over chess match on several

steps/pitches forward, alwa;u. a,pecvach at aach stepy/pitch to win a
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maxizam number of glasses? Lt is vwvious, ne. Thkis, for exaamgle,
solut.ion, as "tc endow tijure", Lev®l Cad be prcritakly frcm a narrow
point 0f view of cnly cre courss, wut Lt can ke profitably frca the

goint of view of match as a whuim.

30 is matter, alsc, 1u any Leyldn 0of practice. Planning/gliding
multistage operaticn, we Bus. Cuvuwsa controcl at aach step/pitch, on
the basis not of the nairoe .Dteissts of precisely this step/pitch,
tut o the wider interests of opsiation as a whcle, and hardly ever

thesa two pcints ¢f view cuiucide.

3ut how to construct tva.s cuwutIdi? de already formulated the
generail rule: in the prccess ¢i sS.ep 0 step marayamenrt planning at
each stap/pitch must te acce,teu taking intc account the future.
Howevar, frcm this rule taerc «s au 2xceptionseliminaticn. Amcng all
steps/pitches thera is cne, +n.cu cai1 uve planneds/glided simply,
withoat the "cauticn tc the futurs". wnat this is step/pitch? Is
obvious, the latter. This iaitter/iast step/pitch, single of all, can

te planned/glided so that i: as such wouid yield tne greatest profit.

after planning cptimaisi, eais latosr/last step/pitch, it is
possiole to it "to attach" next-tu-last, to this in turn, of

frepasultimate, etc.
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Fage 13.

fherefore the process o. 4 uawiz proyramming is always
turnedi/run up in the Offosite Ou cae time direction: nct frce the
beginaing toward the end, out L.cw the 2nu/lead at the beginning.
First of all is planred,/jliusd racceC/Llast stepspitch. but as it te
rlan, if we do not kncw hcw uiu cuu uect-to-last? It is obvicus, it
is nacessary to do differeuv assuwptions abcut that hcw endad
next-co-last step/oitch, ana £u. esach 0f them tc select contrcl on

the litter.

this optimum conticl, Selscieu unasr thke specified condition
about that how ended tle previvus stapg/picch, vwe will call

conditional optimum ccntrcl.

rhe principle of dymamic piouyramaminy reqriras detarmination at
each step/pitch of conditiocaui vpe.mum contral for any cof the

rossiole issues of tte (Ieceuisy Step.

Let us demcnstrate the ulajseakw 2L tals prccadure. Ller be
planna2d/glided a m- stej oparatsicm, and 1t is urknown acw ended (m-1)
~th step. Let us do about ta.s a a»erias/zovw of "hypctheses" cr
"assuapticns®. These hyfctuesds we wiLii designata:

S LS S 2.1

m-1’
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We vwill be specified, that wy ietter §', 1is nct compulsorily
desigaated one number: tnis cau us aad the grcufp of th2 numbers,
which characterize issue (u—1) =tu Of step but can Le and the simply
quali:ative state of that pu,sices SyScea, in which proceeds the

contralled process.

Let us find for each or assuaptions (2.1) conditional optimum
control on the latterslast (by tae m-ta) stepspitch. This will be
that >f all possible ccrtrois U, at daich attains a maximally

possiole value gained at tue lattei/last stepypitch.
L8t us assume that oL saca wa issumpticns (2. 1) conditicnal
cptiagm control U, oD tle iaetai/sast step/fitch ir found:
Un(Sh_i)i Un(S2) oo URISHE): o 22
This aeans that the latter/iast s.ep/pitca is planred for any issue
cf naxt-to-last.

Fage 14,

Let us svitch over to p.auuduy/jlidiung cf follcwing frcm the

end/l 3ad, next-to-last stap/. itce. L3t us again Jo a series/rcv of
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hypotaeses abou* that FCv¥ onuid pesprasitimate ((m-2) -th) the stap:

ol R
S“,,I.’_z. b,,,‘_.g. .o :"1"—2' LAY . (2'3)

Let u3 raise the questica: ave .t is nacessary to chocse for each of

these hypotheses conditicndl optiwus control at (m~1) =-th the step?

It is obvious, it sust ue cavsea so0 that it, tcgether with the
alrealy select2d ccatrci at vbe iactder/last step/pitch, would ensure

the aaximum value cf criteriva w av cwvo liatters/last staps/pitches,

In cther words, fcr @dcCcu VI w podtaeses (<.3) it is nacessary to
find this conditicnal cptimuw cCowucsios on (m=-1) -th step L, _((Sa._)). SO
that it, in conjuncticn wita aiiwauy outained ccnditicnal optimua
contril U,(Sm-1). would cive a maxiealiy possible prize at two

lattec/last staps/pitctes.

[t is obvious, tosard (u=-l;-uu ¢2 stepy/pitch thus accurately it
can b3 connected (m-3) =-th aud S0 zofta up to tha quita latters/last

{(frca the end/lead) 1st stap/patcu froa wnich tle prccess beginms.

rhe first step/pitch, 1. cineaast to all others, is
plannad/glided somewhat CtTiaé. wiow. SiDc6 <@ usually know, freca what
begins the process, then foi us 1o pd Louyer required tc make

hypctaeses about state in va.ca we bDayin the first steps/pitch. This
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stat2 to us is known. ThaereIvle, takiuy 2ato account that all

subsa juant steps/pitches (tue <au, tne 3zd, etc.) zare alraady planned
{(coniitiopally), tC US 1t rewaaks siaply to plan the first step/pitch
so that it would be optimum cdxaiu, iato account all ccntrols, already

accepced in the best way by ass SuuSe juent sters/pitctes.

rhe principle, flaced as tuw casis of the comstruction cf such
solution (to seek the always OpT.uud continuaticn c¢f process relative
to thait stata, which is acaleVeu/.eacned at the given mcment) they

frequantly call the grircipie o©uL vn® Optimum character (see [1]).

the general,/ccmmCr,/TCTd. c=4Lpsalition Of the methcd of tthe
constcuction of the cptimum -c¢iLi.on by tae method cf dynanmic
fregramming which was giveu .n tue prosent paragraph, in view of
gquits its generality can Scew u; «uCOmpreanensible. Therefore the
following paragraphs (§§ 3-8) we «1ll a2arcate to the sclutican of the
speciiic problass on whiCh 4et uUs WL/ ¢cO Jive tc him mare
intelligitle interpretaticn. Suusseyuantly, intc j 6, we again will
retura to the general/ccmmoastotas foraulaticr c¢f the problem which
will prove to be clearer aya.dsSc¢ ud® backyjrcund of the already

dismaatled/selected specific @xaudpyies.
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Page 15,
§3. Task about the gain c¢f a.tituue 3aad velccitye.

Jne of *he simplest tasas, suavad by the methcd cf dynamic
frogramming, is the task avout wus Optiaum climb and valocity flight
vehicle. From this task we Do Jgin leéseutaticn of practical prccedures
of dynamic proyramming, acrevvel ior tae purpcse of systematic

claricy the conditicrs Cf tawmK wass uva to the extreme simplified.

lask consists of the rc.liCwiuy., la® aircraft (or another
aircraft ), which is fcund ou aweu.giut dg and which has velocity Y,,
must ve raised tc base altituae H,. dn4 LIts velccity is led tc preset
valua V.. Is kncwn the fue.s .oOnsuw.tioa, required feor lifting the
apparatus from any heic¢lt a, ca auy ausrther fH,>H; at the constant
velccity V; is known alsc taec Lue. coasuaptiocn, required for an
incraase in the velocity ticu aiy vaius ©0f V, tc any cther V,>V, at

the constant/invariable be.yut a.

Lt is necessary ¢tc¢ finu tae uptissam cliat and velocity during

which general/ccemon/tctal rfués cousuamption will be mininmunm,
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The solution we will CQustiuct 15 follows. For siaplicity let us
assums that entire procéss vf cue ya.n or altitude and velocity is
diviiad into the series/row oI Cuusecuciive steps/pitchas tstages),
and for each step/pitch aiicoilt succeasas cnly height or only

valccity.

de will be depict tue scate wi a2iccraft with the help cf the
point on certain plane V0H, whwse Tha abscissa represents the

velocity of aircraft V, dna urfdineate - its height H (Fig. 3.1).

Lhe process of the dispiaceueut of point S, which represents the
stata cf aircraft, frct the ~duiceas 3tata S, into firal S5, will bae
depiccted on plane VOH as CeIvaiw sweppad oCcken line. This line
{trajactory of the mcticn ¢r poiae S 04 piane VOH) will characterize

contriyl of the rrocess ¢f the gjasw Of altitude and velocity.,
Page 16,
It is obvicus, there are uwau; possiible ccentrols - many
tra jectories cn which it 15 , 9ss.wi@ co translata pcint S frce Sq in

S.m- 7C these all trajectcriws 4t .5 agcessary tc select that cn which

the salected critericn W (ftusi cousumpticn) will be minimunm,.

In order to consStruct tué avaution by the mathcd of dynaric
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prograaaing, let us divide acijav H,,—H, which aust te asseastled on
aircraft, on n; of tle €gual jaila (Loc exasple, to six, see Fig.
3.2), and velocity V.u—V» suilCu ot is necessary to gather, cn n, of
equal parts (for exarsple, TO siyue). wLet us divile the grocess of the
gain J>f altitude and velccit, <uiv tae single steps/pitches and we
will consider that fcr cne slap/.alCu the aircratt can either

increase height by value

A = Huow=Hy

L]
or valocity - to value

AV = ..‘i‘i‘" =Y
y :

A nuager of parts n;, f, 1Lty #0ichL iT3 alvided intervals
Uaw=1l,. Vy—V, fundamental vaiu& uuds aot have and can be selected on
the basis of the requireéments ici ths accuracy ot the scluticn of
protlsa. Pair of numbers n,, 0, uetacaines by itself the total number
of staps/pitches m of tie wuitistaye procass cf the gain of altitude
and vialocity

m=nl+ﬂz-
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Page 17,

Nf ouc case (Fig. 3.2) any teajectuly willi consist cf fcurteen

steps/pitches:

m=6+48=14

{as, for example, each cf twu tiajeCtucises, ncted by arrovws/gcinters
in Pij. 3.2). Being moved ziva 8, 1D S,. point S can move cnly over

“he harizontal and verticali oeymeurs.

«8t us register cn eaca Or TueSe seyments (Fij. 3.3) the

corrasponding to it fuel cocnodapt.acn ia some arbitrary units 1,

POOTNITE !, The digits, gives 4u &+9. de3, are salacted from the

systeaatic consideraticrs auu awtuiny in commcn 4ith the real fuel
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consuaption thay have, ENDrUuiNuice

Any trajectory, shica t.das.arves point S froam £4 in S,.. is
connactad with the specific fwe. cohsuapticn. FPer axaaple, the
trajectory, depicted as arroes/ uv.iutacs; aa Pig. 3.3, gives the fuel
consuapticn, equal tc W=12+11+¢10+8¢11+3+10+10413¢154¢20¢9¢12+14=163

(coaditioral, units).
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Page 18,

It is obvious, there is a Veey; calya numter of different
trajactories, which trarslate 3 vi Sg in S, and to each of thea
corresponds its fuel cctsumpgtion W. e savuld of such all
trajactories find optisva - Lhat, un ¥aics the fual ccansumpticn is
sinimal, It would be pcsSivie 4+ yue3 ¢1:hout saying to sort out all
possiala trajecteories ard iu tae Zapal analysis to find optimum, but
this -~ very bulky path. Jduca avie viftaa it is possible to sclve task

by tha method of dynasic fro,lasmany O3 tne sSteps/pitches.

?rocess consists cf a=1le staps/picches; wa will cptiaize each
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step/pitch, beginning from tud saecvec. Tna firal state of aircraft -
point 5., on plane VOH - to us .5 Lasst. The fcurteenth step/pitch
without fail nust lead usS .QL9 Thw.s poOidc. Let uUs lcok, whence ve can

move into point S, at the ruu.ceenta step/pitch.

~et us consider tte¢ SepaTacesy Cijat upper angle of rectangular
grid (Pig. 3.4) with erd poiut S.,. Ia pointy,,

Glt is possible to move c¢f
two ailjacent points (8, ana 8.., aoraover of each - only in cnre
sannar, so that the selectidu vi c¢unRizcivaal ccntrcl at the
lattac/last step/pitch we 4o BUT aave any - it is singular. If
next-co-last step/pitch led us iucu point B, then we must mcve over
the hirizcntal and axpernd 17 Ju.t; of fuel; if we irto foant B,, go

cn ths vertical line ard tc e ipewuu 14 unacy.
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Lat us; register thes? rifiwuw («i vhi5 Case simply unavoidable) fuel
consuaption in the special Swdis cirLcies whick let us supply at
goints 3,, B, (Fige 3.%)« Tue tLecurdiagy oy "17" in the small circle
in B; it indicates: “if we acluveu 1a By, then the sinimua fuel
consuaption, which trarslates J4s 44uto poiaat S, was egqual to 17
unity®, Analogous sens¢ has a cstusding oy "14"™ in the small circle
at point B,. The optimum cca.roi, <hica laads tc this

expan jitura/ccasumgpticn, is wdaxtu 30 edaca case by the arrow/pocinter,
vhich emergas from the smaii Casvuiw. udduersrifleman indicates the

Airection over which we mustc suve tLoa tals foint, if as a result of
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cur previous activity they p.cveu .0 03 1n it.

thus, conditional cprimud cLuieIdi 94 the latter/last fourteenth
step/oitch is found for amy 8, vs Bp) 1ssum cf the thirteenth
step/aitch. For each of these ;baues it i1s found, turtaermore,
piniaum fuel ccnsumpticr due to wWwuca O0f this point it is possible to

move in S...

Let us switch over to p.iaakauy/jlidiag cf next-tc-last
(thirteenth) stap/pitch. foL cu.s we saould ccnsider all possible
rasulis ¢f prepenultimate (Teesica; 3:3p/pitch., After this step/pitch
we caa prcve to be crly ia cus «i tha poiats C,, C,, C; (Fig. 3.6).
From 2ach such pcint ¥e BuUust f.uu ovptiaua path in pecint 5., and

corrasponding to this peth m.a.uuw fusi consumpticn.

g Gt

13 9 13 N

L, L,
2 2

Fig. 3.4 Flg. Jede
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for point C, there 1s nv seciectiou: we must be moved cn the
horizontal and expend 15+¢17=32 un.iy Of rfuel. This expenditure ve
will feqgistar in the swvail c.rcie wicn pornt C,, arnd cptimum (in this

casa 3ingle) path frem pcint ¢, ajyain 12T us mark by arrow/pcinter.

?or point C, the select.cu wxuSts: £rov it carried it is
Fossiule to go in S, ttIGU4u ©, us cucough B,. In the first case we
will spend 13+¢17=30 unity Ci fuws; the seccndly 17+14=31 unity. It
maans, optimum path frcs C, 4s veatical (let us note this by
arrow/pointer), and ririmua sues coDsuapticn it is equal to 30 (this

numbar ve will register in cue smausl circle with pcint C,).

Pinally, for point Cj3 pata iavo S, the again =injle: cn the
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vartical line; is byrassed 4. .otv 12¢14=26 urity; this value (26) ve
lst us register in the sgacs culiie Wich T3, and by arrovw let us mark

optimam ccatrecl.

Thus, passing frecs che _Guiub vO tae next from rigat to left and
Jownward (from the endsléaa uf cas pcucess to its beginning), it is
possivle for each node Fi1g. 3.3 tu Select ccnditional optimum control
at thi fellowing step i.€., vaGo wsiacclon, which leads in S, with
the zinimum fuel consurgticu, anud tO L3jister in the small circcle
with this pcint this girimua expeauitucasconsumption. In order to
find Zrom each pcint tte opcaaua folivseing stepspitch, it is
necessary to trace two (CSslule tw patas frcs this pcint: to the
right and upward, and fcr each pata to find the sum of fusel
consuaption per this step qiuu wal.wua fuel corsuapticn per tte
optimam continuation, alreaa; ccastructad frco the fcllowing roint,
vher3 is directed fointer ¢ip. cLuw tWwo paths is chcsen that, for
which this sum is less (if sua tane; ircs egyual, it 1s chesen any of

the paths).

thus, from each pcint r.y. 3.5 (Sese page 18) is conducted the
arrov/pointer, which irdicdates ovptamua path frceo this gecint (cptinmum
ccndiciycnal centrci), ap0 .au tue swarl ciccle it is entered/vwritten
the fiael consumpticn, re€acued av cue oOptiaum ccntrcl, begainning frecem

this point to the end/le¢ad.
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3coner or later this .rucCess uf tue censtructicn of conditicnal
cptizim ccntrols is finisheu, aive. Z3dching starting pecint S,. Frcam
this point as of any anctoel, cciLuyucts tha arrcw/pcintar, which
indicitas, where it is necessd., c¢u 03 woved in crder tc reach S..
optimally. After this it is [ oOssauwsie TQ ccnstruct entire optinmunm
trajectory, bheing nmcved ¢n cue ai.cws/pointers, already from the

beginaing of process €C its ehd/saad.
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Page 21.

fig. 3.7 shows the fiuda. Cesust of tais procedure - optimum

trajectory, which leads trouw S; «a S

wOu

ca the arrowss/pcinters, i.e.,
havinj frcm each point Cptiwua courviaudation. This trajectory is noted
by fatty/greasy small ciiciss aba vailtale countars, The punter
"139", which stands at foiunt 355, 4udicates girisum fuel consumption

W*, 13ass which it cannct 0e vDtaiuwed 10 waat trajectory.
Thus, stated prcblem is soiveu 3a0d cptimim contrcl of tthe
Erocass of the gain cf alticude auu velocity is found. It consists cf

the following:

ot the first step, gitca zv iucraase cnly velocity, retaining by

ccnstant/iavariatla teight n,, aikd td oriag velccity to Vy¢aAv;

it the second step/pitcu <o sucrcaase height to Hg+dH, retaining

the valocity of constart/inveriable;

it the third, fourth anu r[.Ifva stapsypitches tc again gain
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speal, until it beccmes @quds cCC VgHeav;

it the sixth, seventh aud eijuta stepsy/pitches tc gain altitude
and to> bring it tc HgellH;

at the ninth, tentl, sievsutu aad twelfth steps/pitches to again

gain speed and to bring it tu pleset {inite valua V..
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it the latter/last two stegs/pltcCaes (the thirteenth and the

fourtaentl) to gain altituus O piesac value H,,.

[+ is not difficult 1L a uukbel O examples to ascertain that
the sotainad control is actuai.,sieaiiy cptisum, 1.¢., vhich in any
cther trajectory, which leads 0I wg LA S.w the fuel consumption will

be more.

Task examined here ¢f tuwa upealum gain of altatude and velocity

is th3 sisplest example 1in wulCu taey fLreyuently demonstrate the
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tasic idea of dynamic fprograws.iye. AcStuallysreally, in our simplified
setting the problem greztl; odasuy i3 solved tc the ends/lead with the
nelp of the simplest metnous. itaio is explained by the following
circuastances, First, at @acu siecp/pltca IOTr uUs it is necessary to
choos3 not more than ketwesu tee versions c¢f centrol (" to gain
altitude™ or "to gain sieeu"; . ihe datarmination of conditicnal
cptimum cecntrel at eaclk poile <ucuentacrily and is reduced to the
selection of cof more acdvanraj,évus of taasa twc paths. In the second
place, in our task it is ver, simpgi@ to produce the numbering of
steps/pitches, beginrirg frouw cue eni/isad. Actually/really, cach

tra jectory consists c¢f ¢ne awd ties Sids nuamber of steps/pitches, and
lattac/last, naturally, proves <o uwe taat which by overcoming one
(horizcntal or vertical) ste,/scays, difestly, gives into point S
with aext-to-last - that, afiei wWu.ci =0 point Swn there remains

¢nly one step/pitch ané, euc.

this simplifiad fcramuiae.iomw ui cha proktlem does not ccmrletely
corraspond to Teality. Actuasly ziigat venicle can to gather (often

it ga:hers) height and veloc.t; s.wuitaneously.

wet us try (furthermore 1a tac siapirfied form) to pose the
groblaa where will be fiovidea <auss siaultanecus set, and let us

look, to what coaplicaticns vi awtwojology this will laad.
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wet us return to the Jiayiauw N Fige. 3.3 and will change it so
that, basides the already sxadiuwesu. patas (upwerd and to the right),
from 3ach node of grid wcuiu te reasivle anctter path along the
diagonal of rectangle (simuitdaeuus jain of altitude and velocity).
let us surply the aprrcfriate Ifuws Coasuaptior along each diagcnal

({Pige 3.8).

dhat does differ this a.dyeaw tCCa toe previocus (see Fig. 3.3)?
Not 211y the presence, €xCope Twu 4S5 pIssSible earlier ccntrels, the

still third "alcng thte diayouwau®,
Fage 23,

This liagram differs tle luso pie..sS3 aumoering of the steps,/pitches:
in tha limits cf each rectauyis i.om tas sover laft angle intc the
upper right it is peesiples tu pass bdta for two steps/pitches
("upwird-to the right" ¢r “t. tis (ijn:-upward®) and for one
step/pitch - along thke diayouas. isas8cerfdre in tha new task is
unsuicable this simple friuc.pse vi Cousecutive sortinj nodes, as
what e took earliar (accordeay tev a ndmber of steps/gpitches, which

remained to the end/leaqg), dud .t .S nacessary to take sowe another.

Let us agree to latel avdds aot according to a number of

steps/pitches, wvwhich resaineu ¢cv .a@ wad/lead, Lut according to the
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sign/criterion of any cccrdiudte. aS tals ccordinate it is pessible
to tace, for exanmgle, "r@Baiudess/cessdie of velccity”, Vau—V.

which must be "reached"™ tor vne Iewaliainy time, With this nuatering
cf points the "latter" wili we taat stspyspitch which will translate
roint S with the vertical sc.aljav line (a-1)-(m1) (Fig. 3.8) into
point S, (this latterslast "sieg,/pLtch®™ can cecnsist of several
steps/stages) ; by "next-to-.iusSt ovues" - tnat wshich will translate
Foint with the straight line (u-4)-(a=-2) to the straight line

(=) - (m-1), and sc forth.

?ig. 3.9 examines tte sadpiesspzcimen of the optiaization of
srocass with this nurberiny £ cas sceps/pitctes (are shown crly %wo

lattac/last steps/pitctes).
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Condi:ional optimum ccntros, as eailadr, 1t is shown by

arTows/pointers. Let us clarrfy tae procedure cf the ccnstruction of

control.

[f ve proved to be at auy .Qult on the straight line (m)-(m),
rassiag through Y., that tae 004; pdssible (the very sama and
optimum) frath of output anto pualic Sey ~ but vertical line. This
path is shown in Fig. 3.9 vy afacves/porntars cf lengthvise entire
straijht line (m)-(m); theé culies.cniildy fuel consumpticn are shown

in th» swmall circlss.
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et US assume@ NCv that as « T8sSJ4lt of the process cf the gain cf
altitide and velocity we fpcoved tu b3 on the straight line
(a=N) - (m1). We will SCIt Cue Ou ouis straight line all points on top
downwardly. If we prcved to .e .n tha juice peak, then path into
Foint JS.. hence single (hoc.Zoutaa) is bypassed it in 17 unity of
the fuel (we writes/reccrd 17 14 tues 3mall circle and we place
horizontal arrov/pointe€r). e gasae ©3 tane fcllowing pcint ~ the
sacenl on top. FPrcem it tG tue Stiaagat line () -(a) - three paths.
Thas first path - upwvard - to tae ..yut - 1S bypassed into 13+¢17=30
unity of fuel; the seccrd - aluuy tha 4iagycnal - in 29 unity; the
tairdl - tc the right - ugward - .u 31 apity. Wwe chocse diageoral path,
w3 mark by its arrcow/pcinter, a.u tha cozrespcnding ccasumpticn - 29
unity - we place in the smas. caifcaia., FOr the third pcint we are on

top ajain congruent/equata tTules gatns:
apward (and further aiouy twue dragjonal): 12+¢29=41 unity cf fuel;

with respect to tle dia,cuaa (aud further upward): 25¢14=39

unity of fuel;

to the right (and furtnerl <o, ): lo+2o=41 unmity of fual,




4
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de choose optimur jatu = aavuy thl diagcral, we note by
arrov/pointer, ve write,recu.ds vy .0 tae small circle. For the
folloving - the fourth cn ve, - pu.dt un the straight line

(m~1) -(m~1) optimum will o0& vae pach upwald and so forth.
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Page 25.

?i3. 3.10 gives tle fidais awaules or the optimization of control
of thi gain of altitude anu vaioc.ty uander given corditioans,
indicatsd in Pig. 3.8. Cgtimud Tiajectory is as petore isolated with

fatty/greasy small circleés aud cwmestale CcOunters,

Jeing congruent/equdtik, Tue Upciaum trajectory, showvn in FPigq.

3.10, with that that is gQiveu 44 119 3.7, we ncte that they are
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distiaguished not very rot sefouyay;. 45 far as fuel coasumpticn is
concarnid, then its values (4Jo aud 13s) antirely diffar little fron

each osther, and both ccntrvie cau ve cousidered in effact -equivalent.

In the example exallhed da sciected the method of the ordering
of staps/pitches "on tle avsclsse™s In.s methcd is not completely
n2cessary; it would be fossivle tu lavsl steps/pitches also in terms
of tha values of any ancther Couiwidata. AS this cocrdinate cculd be
with che equal success salac.éd weigat id. Pertaps, in our exasrple the
most a1atural "ordering"™ cccruinate wOouird oe distance froam S...
depcsitad/rostrcnel in gara«. és <v tas diagcnal of tasic rectangle

(Pig. 3.1,
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Page 26.

fo reader cne shculd vy wa, i axaccise find cptimum trajectecry
accoriing to the data cf Fiy, J.0, usiay that method cf the

ad juscment of steps/pitches whica i1s d2monstrated in Fig. 3.711.

In the diverse tasks oL tne ujynaalc prcgramming where there is
no nazural distributicn into tihe otveps/pitches, the principle of this
distribution and orderiry or steps/pitones is chosen depending on
conveaience in the orgarizat.cu va computaticral grccess, taking into
accouit to the required accu.ac; vi taa soluticn of protlem. Is

generally intuitively it is e¢lsar thit with at increasa in the number
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of stips/pitches the accurac; of cae soluticn grows. In some tasks it
rrove; to be possible tc¢ cotuln even limited soluticn with m=d=; this
solut ion can represent to9Cle CiCaa, 304 sometimes alsc practical
inter i3st; however, usually 1. 1s <¢u sulrficient explain the structure
cf optimum centrol in the yeuslasscommonscctal, rough features; in
this caseé there is n¢ ne€ad tu sticuyiy 1ncrease a rumkar of
steps/pitches, The sameé Jita tae praccical realizatior cf control
nost frequently fits nevertiaec less to stap back from the strictly
cptimam versicn which cé&p prove oo ba difficultly tc feasible.
Therafore we will not feuse vbD tue mMaxiaum tasks ot ccntrol, shich
apoear with a=pe, tut we wil. o0e soundad to the 2xamination of
discrate/digital step Ly ste, daayiad. This especially rakes sense,
that ir many tasks of the ecufidai. pidaniagyyliding (Lbut we will give
to siailar tasks consideraoie atteutiou) distritution into the
steps/pitches nct impcsed zrum ovursiia, but it is logically dictated
by thas discretes/digital natu.e ¢z ihs planningsgliding itselt (ylane
is coapriszd, for exasple, £, tis jear, to the gcnth, atc., and it

does aot vary continuously iu tue courss of production process).
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§ 4. 2roblem cf the selectiuvs 0r «ue fascest path.

In the previous paragia.h 4e coasidered in the simplest setting
the tisk of the optimuns jJain ¢i aatitude and velocity. Here we will
consider siwxilar in the ty.e, wuv nevecrtheless differing scmewhat
from .t task of the selectio. oI tae fastest path of cae pcinty/iten

in ansther.

Page 27.

rask is placed in the ruiiuwW.ug manner. let it be we should
raach in the pachine frca ycC.ht/.ielm S, to point/item Swm (Fig.
4.1). Ganarally there is a wucCie 2er1iads c¢f fpossiole versions of path.
They are ccmprised of the Se.ticus Of <ays, Nnct aquivalent or the
qualicty. Among them théreé Cau uw, .OC examfle, the sections cf the

first-class asphalted lighwa,, duu aLso tne less well-organized and




———
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simply unimproved roads. Furiawsiuuie, on the path tc us can te met

the crossings and the fa&asSayeS Cu whiCu tae pcticn is detained.

Task lies in the fact cuai wu Salact this path from So and S

which machine will fpass tcr ¢0o waslaua tTiME.

fask at first glance .s Cuupaetialy similar tc that examined in
the previous paragraph. Howeoves, .t aas some special
featucres/peculiarities. In esauples 3 3 we cecanstructed the regular,

rectiagular grid of the ncaso taivuys <4hich cculd pass trajectory.
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A'.L\j. "..1.

Key: (1)« Railrcad. (2). river. (3;. ferry toat.

Page 28.

In the new task which we exawiue auvw, the rcle cf this yrid cf nodes
could play the lcgically not@ua "“siugular points®™ of tke netwcrk/grid
of ways - crossings and passages, cn taey were arranged/located too
irregilarly, and it is céafraicdsesc "vo order them on the

steps/pitches”. In ordeér tu appsvaamtsly sSclve our task by the
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mathoi of dynamic precgrammia,, .t 15 possible tc iatrcduce into it
artificially certain "stage—wy-stuye cnalfacter", For example, it is
fossivle to divide distauce vt v irom 53 to S, intc m of equal
parts length AD=[C/m (Fic. 4.2} auu td coasider that fcr each
"steo/pitch" of the prccess or uilspglacement frcm S5 in S is
surzodnted the o part ¢t discvaace L (ia tae directicn 5, —S,...). In
cthar words, each "stefp, /fpitc." .s aisplacement with ore of the lines
of support, perpendicula: S)— Seou to tae adjacent, the clcser to
N

Jale procaess to tle stagsspacchas taus, we, naturally, rust
agres that the displacenent .rou <ue step/pitch to the next is
allowed/assumed cnly ir the ,csituive directicn (L.e. frem Sq to S
and ndt conversely); ir othef weaus, aiter the specific step/pitch is
travellsd, return ccnversely, incu tae saame tand between two lines cf
support, is not allowed, assuwe€da. i1uis limatation cccurs sufficiently
to acceptable ones fcr the p.dctiC@® Lat us recall that in the task §
3 we pet with even *the 8cCre »dvVeio limitaticn: in the mcde/ccnditicns
cf climb and velccity wds aisO0veusaSsuaeud the displacemant over both
axes only in the positive uirectacu. Lo tue task of the salection of
the fastest path that irtrouucCeu wy us lawited (as a result cf each
step/pitch %o be moved caly “taeie", Dut to directicn §;—3,.. and
not®back ") is less rigid, siuce 1t functicns ¢nly froms one

step/pitch tc the nest, not wicuan tae stepspitch, and mocaover, cnly
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cn on2 axis (in the case 0i udCesaaty frcem this limitation it is
Fossiule to be fread, cr 1L .a.s5 ves2 che sclution strongly it is

comrlicatad).

thus, let us assuf€ tha. The pgata from S, in S.. is deccmposed
into a of the steps/pitches, iu euch or which tita machine is woved
vith one cf the limaeas ¢f sup,0ic¢ (+)- (1) to the following in crder
)=+ 1) =01, .... m.
the carried out by us i.ines vr support intersect rcad net at

scme gcints,
Page 29.

For tae sclution c¢f grctieu .0 us wust pe known the time, required
for taue passage of each sect.cCii vi pata, and also delay time on each
crossing (passage). In Fige w.< agyainst sach rocut2 segment is written
the coirresponding time ¢t passSdye (ia ohe minutes), and ian tie small
circls: in each crossing (fassage) - Latency cf sachine in this

Foint/item.

Accerding tc a2 quartity ur saues uf support in Fij. 4.2 grocess
cf ths displacement cf 0aCuiué Seva 359 in Sww w3 will shace into
sevan steps/pitches (i.€. 1@t us taka a#=7) and let us begin the

const-uction of optirur patn L.vw th3a lLatter/last (e-th) stagp,/pitch.




P24
&

poC = 80151502 EAGE

wet us plan cn the line oL su,pa2r: (a-1)-(m-1) all possitle
rositions of machina at tiae wOmswe Of tae terrinaticn of mext-tc-last
(a—=1) step/pitch. This wils .4 ay,vtaseses about tne state of machine
aftersard (m-1) step,sritcn, ~.9: each oL waich we aust find
condi cional optimum ccntrc. va wue B Scap/pitch. In Fij. 4.2 these
possivle positicp are ncted oy swaal circle with the foint inside.
?rcm 2ach such positicn we Wusy suaVv2 Ooptimul (saortest on the time)

path into pcint Sce

Let us consider first wuad ziest (vn ToF) ©of the notad pcints -
gpoint A on the straight lice (a-};-{a-1)., Frer it intc point S.. (in
the limits of the band ¢f tue uw sesp/p.tch) ccnducts cae-single path,

which occupies on the tiae 10+2+1¢5+10+2¢5=35 (minutes).

fhe selecticn cf this pata is cocouiticnal cptimur contrcl when
the previous step/pitch led us iace paint A. let us ncte in Fig. 4.2
this optimum path bty tlack nedavy 1103, and in pcint A let us display

nflag" with registered sitn .c¢ uiyit 3.

deavy line together witu cue rlaj tuaey indicate the follcwing:
i€, b3ing moved frem Sgo 1A Sww ee S2@3 fates thay prcved to te at

point A, then of it we aust wove iurthar over tha ncted by black line
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rout2 and on the achievement or guinc Sw. ¢f tha expenditures of 35

minut 3s.

de pass to tha fcllcwin, pvaui (B) on the straight line
(a=N -(m=1). Frecm it inte pCuide S.. conaucts tle cre and only path,
to which it is required Zzt<+les+lyue2+5=27 (minutas). Number 27 wve

also ¢rite/record on tle tia, aecxt to point B.

Por point C the path ayalia s«uLgle and is containued 4+2¢E=11
(ninuces) .

Prom point K in §,, toele dew t4o paths: 3+¢3+4=10 (minutes) and
1+43¢2¢246=16 (minutes); Or tuew Taw iicst - fastast; we note ty its

teavy line and ve writesreco.d aau.mua time (10) on th3 flag in pcint

Ke
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Page 30.

=Faf%yf-\
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Kay: (1). river. (2). f@rry woa¢e (3). Railrocad. (4). a step,/pitch.

Fage 31,
continuing thus, we finu fod eaca point cn the straight line
(m—=1) - (m=1) the cptimur COlLcaduabeeh Of path - conditional orptimunm

control at the m step/patcan.

After this is carried out, we piss toward rlanning/gliding of

(-1 step/pitch., Hyfctheses awcul tnat, where can be lccated the
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machije of aftarward renfenu.t.odares (M-2) sStep/pitch, they are noted

by triangles cn the straigyacr iiue (m-2)-( m-2).

for each of the noted puiuts we mist find conditional optimum

contryl, i.e., this path witu ctue »trasgar lire (m-2)-(2-<) t¢ the
straijht line (m=-1)-( m-1), waica, tdyavaer with the already
cptinizad latter/last step/p.tca, yivas tne pcssibility to achieve

Swm for the minimum time. uu oides to f£ind this conditional cptimunm
control, we must for each pc.nt ou tne straight line (m-2)- (m-2) sort
cut a1l pcssibla transitiocl wOues to tiae straigkt line (m=-1)-(m=1)
and time, required tc tnis t.ausivuca, sum with the minimunm time of
lattar/last step/pitch, reyisteieu wita the flag, FIcm all pcssible
Faths is chosen that, fcr wuscan taars total time is minimal; path is
noted by black line, ana tiuws .o scictinsrecoxded on the flag in the

corresponding point.

As a result of the chaiu/uetsork 3f such ccnstructions, teing
moved step by step with cne .siue 01 support tc ancther, we finally
will reach starting pcict Sge rvi ot wo #w1ll detarmine optimum path
to tha straight line (1)=(1) duu .et us register the appropriate
piniaym time (87 minutes) ¢n tae ..aj at point Sy. Thus, all data for
the cunstruction cof optisum .avu vuerce are, since fcr each cf the
plannad pcints (whatever fates we . it not they prcved to te) is

known the optimum continuaciun uvi patn. In crder to ccastruct optimum
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path frcm Sg in Swe it iS DeCessaiy Si@ply tc te mcved on tte
sactions of ways, notedé Dy asdv; s.n2S. in Fig. 4.2 optimunm
trajectory frcecm S, in Seon 1> wvteu oy heavy line with the dctted

line.

fhus, stated prcblem abuvuc cwe 38iecticn of the fastast fpath

tetwean two preset pcintsS/its s <o S3lvad.

Apropos of this task it 15 pussible tc exprass several
consi lerations, whict ccncsru tae selactacn cf a number of
steps/pitches Jduring the ccuostiuct.oa oL the sclution bty the method

of dyaamic programaing.
Fage 32,

[t at first glance sesds cuat SI cnat the solutica would be more
simply, it would be desiravie aave a little less steps/pitches,
Hovevar, this nct entirely tuus. iue larygyersccarser the step/titch,
the nore difficult it is te¢ +iuu tue Optimum sclutich on this
step/aitch, the more ttere i1s tae vecrsicns cf the displacement with
the straight lire tc ttré scialyut aiine. In the extreme case, if ve
considered only cne step/pitean (w=1), verore ts would arise the
initial task of sorting ali possiwie patas frem Sy, in S, in her

entirs ccrplexity.
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[t does fcllew fr¢s tuws cuac i3 Our sgecific prchblem it wvas
necessary to still increase a usuweer Oi stegs/pitches, to do then,

for azamrle, not 7, tut .cu2

Also no ! An increéase i. tae wumber of steps/pitches beycnd scome
reasoaable limits would cni; cuosgiacata tae procedure of the

construction of the sclcticae

in the fact that tre sesscleu by 4s nusber of steps/pitches
{a=7) is sufficiently reastuudic, .S possible tc be ccaviaced on the
fact chat for us was ncsherw necessacy tc scrt cut a large nubber of
varsions c¢f transiticn witn .ae stiaigat line tc the straight line -
thesa versions prcved t¢ Do ¢ie, usG, ar4 rare three, and to £ind
azonj them optimum was pnct tuc wut difficult. If we strengly
incraised a number of stepo/. ilcues, L.e., is excessive refined the
sections c¢f transiticr, toes 1a wue Odvarwhelming majority of the
cases with the straight liue to tae stoaight lina wculd conduct one
and only path, and nc cgtimicacica it 4ould be., As the final result
va would construct tle same vpLiwuw trajectcry, on Lty acra

complicated calculaticns.

§ S. continuous task cf ploteiay vi Jptimum rcute,
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in § 4 was solved the tusa wi piocting of cptimue route from
pcint/ites Sy to point/itea S.. euea 00tn fointssitems ware
connactad by some netwcik/yr.d vf edys and gath can run oanly cn one

cf tha ways of this discretd/dejeval ycoid.

In practice can te ger adu el 3ituacica - <han finishad rcad
nat taere 4oes not Axist, Dde uieecticn Or moticn f£rcm €ach pcint on
the plane can be choser arwviclaiiaz, L£IC éxan;le in the liamits of
some anjular sector 6 (Fij. s.1). an tais case for eacn point A on
rlana xOy is known the veioc.tT; vie displacement from %tnis ccint over

any ray/teaa AA' withir the s1lu.ts Oof sectcr 4.
Pagae 33.

Task lies in the fact that cv L.uu Suca trajectcry U*, which combines
So ani S, along which pocac 5 wuull pass frem 34 in S.. within the

short time.

«et us plan the diagras o. tue soiuticn cf this preblem ty the
metho]l of dynamic prcgrasein,. suas sidplicity let us assume that the
sector 9 is symmetrical rLe€iaiivVe tu liae 4B, farallel tc the axis of

abscissas, and that 9<1€09 (Ldaceei 15 i1ucessary in crder to excluds




.
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the lisplacements, "reverse" tu tae i1recticn of the axis of

abscissas).

«e* us deccumrose distan.eé Sww—3S, 1atc & cf sequal parts, and
the process of overccming ta.s Jiotaics - tc ¢t cf the steps/gpitches,
each of which is transitica 41ca vue Of line cf support, parallel to

axis srdinates, tc ancther, adjacsut (Fige S.2).
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Page 4.

{f wa take a numbter Ci »ta.ss/.iccaes n sufficiently large, then
it is possible tCc assufe tadi at saCh step/pitch the trajectcry phase
i3 straight-line. Task 15 LewUled «OC 24aCa froint A ¢cn the line of
suppact (i-1)~(i-1) tc deteiwlue .ud Optimusm angla ¢ (in the linmits

cf sector 8), at which muse Jass peiat A optimum trajectory, i.e.,
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that out with which we sust wouve LaOm A in crder to achieve &, in
the minimus time. [f we tae . Colit.ovn O point A cn the straight line
(i-1) -(i-1) determine Lty 1ts> OLusuwata ¥, tle conditicnal cptimun
control at the i staps/pitcu eii. wve ao0cion frcm point A at angle ?
towari the axis of thke atsciwsas eaeca ¢ Jdeferds on ¥ _ ¢
Ui ¥io 0 = 7 (Y1)

ie will plan/glide tae . [OCes» JEf displacement, as always, fron
the latters/last (m-th) steé,./,ictcn. Lat us assume that as a result of
{a=1) steps/pitch wa prcved cw uve atv S3ctalnd peint B on the straight
line (@a~-1)=(m=1) (Fig. S.4). maolo wa aust move further in order to
grova to be at pcint S,.? L. .3 wuvViods, on straight line BS,, But
direction of this wmoticrk not toi a4l positicns ¢f pcint B on the
strai jht line (m-1)-(m-1) it 15 Zuund d1thin the permissible linmits.
In oriler to construct seglsnc s, 0, O the possitle positions cf pcint
3, wvhance it is pcssible, auiia, wul limitaticns, tc arrive in S.w

chviously, it is necessary te ccustrict trem point § the

LT

vinvactad™ sector 6; its tortudis wali cut off on the straight line

(m=1) - (m-1) segnent E;E,.

thus, for each pecipnt 8 cuttaiuy OfZ B, B, is found ccnditicnal

optimum ccntrol - disglacesent vves stfaight line /1S, at angle
2, ¢0 thea axis of abscissas, wa.ch dapeads cn ordinate Ym-1 oOf
goint B:
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{nowing the velccity oi disgsacsamzant frcm poirt B over this
direction, we can find tte w.n.sus tiams cr the execution of the
lattar/last stap/pitch: ’ -

Th= T (Ym 1)

Thus, for any pcirt B cu cue strairgar line (a~-1)-(m-1)

condicional optimum cCRtIOL abu <Cuwalasponding tc it cecnditional

pinimim time cf the m stefp/p.tcn can b2 determined.
2age 35,

L3t us assign saveral values G Cauliaca Ym-y'

i Y& (5.1)
and for each of them l€ét us sluu condlicional cptimum control and
condicional minimus time:
P (Yt 9 (VR
Tyl ); T (30
if ocints WY Lyd ... ale se.¢ On cutting cff BB, sufficiently

fraquantly, than it is [oss.ule wu consider that the conditicnal

optimia control and ccnditiowad Rauinua time are fcund for any value

y'l—l'

Lot us switch over to p.ddliany/jliding of rext-tc-last (m-1)
step/Jitch (Fig. 5.3). Sectiou C,;C, of tne possible pcsiticns of

point S as a result cf (m-2) Stap/.icca 15 also determined bty the
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"invartad” sector 8; in crade. i¢ o SOascouct, it is racessary to
contiaue straight lines 5.8, auwu §,B8, before the intarsection
with the straight line (@-¢;- (u—~2,. LSt us place in section C,C, the
saries/rcvw of reference pcints anu for each of them let us find
sptinam rath in Swe PCr FO3uct «; vhis path is clear: it joes on
straijht line ¢5,. Let us .d¢au tais path bty heavy line and it is
compuced corresgornding tc it fu.isrocal/complete tinme T;ﬂ,w

expeniad for the executicn O. Lwu sattars/iast stagss/pitches.
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y(d) 1) () (i-1) (i) {m-3} (m-1) (m}
50
a
@ o (@ fi-1) (i) (m-2) (m-1) (m)
& IJ e Jede
paga 6.
This cime is equal tc the suw vi cwO times: time (w1 cof %he

iisplacement over cuttiry or. v,s, asd of time T, of displacement
from 3, in S,. (but it was diimaay calculated on the previcus
stap/pitch). Analcgously Opv.@du gata rroa C, in S, Joes cn

straijht line G35,

~et us take cn cuttiay vii C,C, any antwrnal pcint C'. For this
point path to the straigat lide (u-1)-(m~1) nc longer sinjle.
Actually/really, after ccnotiuctauy Wdico point (' tha sector cf
Fossinle directicns 6, we S98 Taat witnin thke limits cf this sector
it is possible to select any recCtuiinear path, which leads frcm C*

into one of the pciats cuttiuy via 33B';. By what frce these raths to
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selec:? It is obvicus, tuac .acu «'D, for which the total time, wvhich

Joes co both latter/last scegs/;iechas (C*'D and DS is mipimal.

xon):
Let u5 designate this 7inilmuw tiks 7Tm-1.. and let us note that it
dapends cn ordinata Ya-: Ou peaut o', Taking whole range of
diffarent positicns cf joiat C' cu cuttinyg off C,C, with ordinates
VO let us tina «ci ®aCh Of taem cptimuam control 7..

-2

and minipum tine T;-L. OI .2e dchaiavenment of fcint Swau

D (¥o-2) Pt (,Vf:’_z)i e
Tt m{(Yw=-2); Tr-i, (Y2 ...

After this is dcne, vwe [ass todaiu plaaningsgliding of (m-2)

stap/pitch, etc,

AsS a rasul* cf® th€ Chaiw/uet w0l OrC such ccnstructions fcr each
point on any of the lineés or su,p oLt wi.l be €xplained the
condi:ional optimum centros (1s rIvundi the angle 4%, at which it must
pass Jotimum trajectcry) ana i1s Jdesirermined corresponding to this

contryl rinimum time of taw acCuasevedane of point S

After the rrccess ¢f opvliaization 1s led to pcint S5, is
const sucted (already fr¢a ctne weysikdiny toward the end) entire

optimum trajectecry, which rfJ8 eacu poidt gces at optimum angle e*,

7ig. 5.4 shows the resu.t oi tha construction of optimum control

by tha3 method of dynamic [i0,famieng., vptaimum trajectcry is rcted by
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heavy line with the dotted i.ne.
Page 37.

Let us note in ccnclusica taat thae described methodology of the
constcuction of orptimumr tra jecte., complietely dces nct depend on
that, wvhat precisely value i, m.p.wized - be it time T cf
displacement frem Sy, irto S.. wicudr che fuel consumption R cr of
costs/values of passage C, C. sVew any craitericn, selected degending
cn tha character c¢f the deciuad priactical task. For example, with the
packiag ¢f railway line it 1, pusas.bia tc prafer that rcute wktich
leads to the swmallest e€xp€LuntUsés Or tae snallest vclume of
earthsork. when selectiry or @8iso.ud trajectory car prove to te

necessary minimize the launcuingy eeijat or zaxisize velocity, etc.

«6t us note also that tuad sevior or possible directiocns 6, which
ve for simplicity considaerea cousctant/invariaktle, can vary degending
cn the number of step/pitca vi, 14 Jyanaral, frca tke coordinates of
starting roint A. In scre racCt.cas tasks it cccurs, that directicn
the valocities at the initia. acasut or i1ntc the final (or into both,
etc.) are preset previcisly; ada valy cannot. This is eguivalent to so
that che sactor of pcssible uliecCeaoas ¢ 1n thke vicinicy of these

points is degenerated irtc oud stiaijat line.
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teference lines (i)~(1}, wy waich we shared process intc the

stagas, completely must nct »é wue Siralyght lines, parallel tc cne c¢f

the axes; thep are chcsen, <. tie ©a3is cf ccnvenience in -Ehe

canstructicn of the sclitivi.
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o) (1) f(2) (v-1) () (m-1) (m)

€hyoe 5.“-

Page 38,

If, for exampla, the task mc¢ed cuuveiasntly deciding not in the
Cartasian, but in the fclar ¢coia.uata system, line (i)-(i) they can
ba, daperding cn type the tasks, ale selected in the form of light
beam, which proceed frce foie U (rage 3.5) c¢r in the form of the
conc2atric circumferences (f+«ge. S.0). For exawgls, Fig. 5.7 shows the
schematic of planning/glidiny; cne ocutput of rccket frcm goirct S, cn
the earth's surface to the j.vVeu clrat S, of cuter space, carried
out ia the polar coordirate - ystew. 03 polar ccordinates of
launcaing pcint Sy are presec dud equal to (7. 1) The ccnditicns of
the varticality of start nat.ow cuc sector of possitle directions 6
at tha first step/pitch tc cué st.aignt line; the ccnditions for the

presec directicn of final vesaccut; Yww set the same limitaticns on
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the latter/last step/pitch; at eue latermediate steps/pitches of the
limitations, superimgcseéd iu toe ~eCtoi €I fcssible directions, they

are 1liriveds/ccncluded frcm tus ,uzsical consideraticns (for examgle,

froa cthe maxiamum persissibié trauaver3ds transfers of rockat).
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LV INZ 07y R

Fig. S.56.
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j 6. seneral/comncn/total tfue.ausiataion or the problem of dynamic

programaing. Interpretaticn oI couutrol 10 the phase space.

After is examined toe seLies/iLCd 0L the specific problems of
iynamic programming, let us ,1ive .ue& gsneral/ccemonstctal forzulation
cf such problems and will iCimuiace in geaeral fcrm the principles of
their soluticn. In this paiajsrag,a (aid 1n the fcllowing after it § 7)
for raiader, familiar crly wica tus €iamsncsycells of advanced
calculius, it is necessary to ciasa wita an not entirely custcmary for
it recording of formulas anud a sowewnat unusual termirology. However,
lat us amphasize that *re cousCucus aastering of precisely ttese
paragcraphs is very substantaal fus the isnderstarding ¢f the method:
without this general/ccamcn/ictas approaca will be difficult to see
in tha fcllcewing presentatiou dikyeniay larger ttan the set of diverse

€xamples.
wet us consider fcllowiuy Qéaeral problern.

There is certain physicel >y ouve3 3, which in the course cf tinme

can vary its state, We can @abdaye this process, i.e., in this or sonme

other way to affect the stute 0L s stem, to translate it of cne state
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into another. This system > we& wae.s call the ccontrolled system, and
action, with the help ct wnich #e¢ affect the tetavior of system, by
centroal,

dith the prccess cf cuauyikLy th2a scate cf system 5 is ccrnected
some J)f cur interest, whica .s wxg.e333d nurerically with the help cf
criterion 9, and it is recessar; ¢¢ 9rjaniza prccess so that this

critarion would become maxiduBl (woiLiaua) V.

FOOTNJUTE . Subsequently for tané wievity Je will speak cnly atout the
maximization of critericn, 2wfi;euy that the "maximum" in any event

cain o2 substituted tc the "w.Niwuw". ENOFCCINCTE,

.et us designate cur coutrca (1.9, entire system of acticns with
~he halp of which we weé atrect tue sStatas Of system S) of one letter
T. Critericn W depends <o toas coutIdl; tnis dependence we will

ragiscter in the form ¢f tne icIau.a

W =Ww ). (6.1)

Page 40.

it is necessary to find suca cuoutiol U* ("optimum control®), during

waiich critericn W reacltés tne das.aua:

W* = max (¥ (U)]. (6.2)
17
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Rgcoriing max is raad: “max.nus viu J4”, and fcrmula {6.2) indicates:
r
4* is maximum frecm tie valuéa wWoicu taks criteria ¥ during all

rossiole ccntrols 1.

dovevar, tha prcbleam ¢t tae vptiraiczatica of control 1s nct
complately yet posed. Usuaaas, upvu tae fLcrmulaticn cf such problems
must oe taken into ccnsideraciou soma conditicns, scuperimposed on the
initial state of syster 55 aud Leual State 5. In the siamplest cases
both these states are ccapie.e€s,; Le5ec (das, for example, in § 4,
when it was necessary tc¢ trawus.diae tCuck frcm pcints/itewr S, tc
roint/itea Sww): ID Cthel tasks vueSe states can ke praset ccapletely
accurately, but it is ctly i1.sitey by sume ccrditiors, i,e., are

shown the region of the 1init.di statss 3; and the region of final

statas §mw

lhea fact that %*he inicial state 0i system S, enters intc regicn
3}, ¥3 will vwrite/recora witu tvae help 0 the accepted in mathematics
"sign of inclusicn/ccnnectiou™ €
Sa 6 §n.'
it is analogous for the fiudi state:
Seon € Son-
raking into accourt inicias and tinal ccrditions the task of
cptimua contrel is fersilateu as acllows: frce many pecssible contrels

3 to £ind such centrcl LU*, wuiCh siansiates thre physical system 3
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from initial state S,€S8, i.tu iswal > .~Y., so that certain

critacion W (U) would te ccuveiteu iNto Tae daxisuam.

L.et us give to cortrcus ,.CLuctess jeowetric irtergretation., For
this for us it 1s necessary; to scauevwnat widen ovr customary geometric
raprasentations and tc 1atiouwudce «ue concapt abcut the so-called
"phasa

spaCQ“occnu.oocnn.-.-.l..‘l.c 68 BN O 8 80 PO T S OR N eV O ..l.l.'l'.'l...:.
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Page 41,

The state of the physical o,a2tes 3, vhich ve manage, always can
te describted with the heifp o. vue or the Oother quantity of nurerical
raramatars. Such parameéters caa uve, LJr exarple, the coordinates of
ohysical body and its velocity; a quintity of means, includad into
the jroup of enterprises; tie wuwowsl Of yrouping of the troogs, etc.
Thes3a parameters we will cai. cae hiss coordinates of system, and
the state of system rerresene +a tae fira of point S' wita these
cooriinates in certain conuitivnai panase space. A chanje of the state
cf systam S during the ccentrul Ifucess wiil ke representad as the
displacement of pcint 5 in tud paase space. The selecticn of control

U indicates the selecticn or tae sgezific traiactory of point S in

the paase space, the sre€ciiic iaw ¢f aoticn.

?hase space can be aiilerleat udsandiag on a number of

paraar3ters, which characteric<a tue scdate of systenm.

wet, for example, tke state vr System S te characterized only by
the one parameter - coctdinatd «. ith2n a change in this ccordinate

will oe represented as the u.spiaced3at of point S alcng the axis Ox




D0C = 80151503 EAGE 29

(or on its specific sectiou, ii tv cdordinate x they are superimposed
are some limitaticns). In vaesS Cases 2adse space will ta
one-iimensional and is the asis v. ausclssas Cx or its section, and
contril is interpreted ty toe iaw vf tae aoticn of pcint S from

initial state S,€5, intc fihat Sn€Swe (Fige 6.1).

If the state of systew § .5 caacacterizad Lty twc parameters «x,
and x, (for example, tte auscissa of material pcint and its
valocity), then phase spdce wiiu. we plane x;0x, or its some part (if
to parameters x,; and x, aiv s Jupef.wpdssd limitations), and the
contrilled process will De fwpieSeut2d as the displacement of point S

from $,€S5, in S, €38

b 12T

OVEL Tams igascafiCc trajectory cn gplane x,;0%x,

(Fig. 6.2).
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X3y: (1). Regicn of the [Oss.0.c oacaces of system (phase space).

Paqe 42,

If the state of systsm .S Cnasactoerized Lty three parameters x,,
X2, X3 (for examrle, twc Coo.dladves aad velocity), then phase space
will ve ordinary three-disensiouas Spdce Ir its part, and the
controlled process will b3 dejpicCied i3 tha displacement of pcint S

cver space curve (Fig. te.3j.

If a number of paramete.s, w<u.Ca cnaracterize the state cf
syst2a, is more than tlree, c¢hen ysomatric interpretaticn loses its
grafphic nature, but gecmetlii. teawandlldyy continues to remain
conveaient. In general, whea tae stace of system S is lescribed by n
by the parameters:

E TTR P

ve will represent it as point 5 iu tne n-dimensional phase space, and

control interpret as the dis,laveawent 3f point S frcm scme initial
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region S, into final Y., oVvel ceitalu "trajectory", over the

specific law.

In order to make cleaie. du +ud8i 9f "phase space", let us raturn
to tha already examineé¢ speCalic pioOnlems which 42 sclved in the
rrevious paragraphs, ané idt Us cuustruct for each cf theam phase

space.

In the task of the optiwua yaid OL altitude and velocity (§3)
the scate of the physical syotea o (Slight vehicla) was characterized

by tvo phase coordinates - veiocliiy V ana with a height of H.
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Key: (). R2egion of the foss.oic scatss of system (phase spacg).

Pig. 0-.3.

Kay: (1). Region of the foss.oie scaces of system (phase space).

Page 43,

Respactively phase sSpaceé was Teu-u.@anslcnal anéd vas the phase plane
VOH (more accurate, the recctauyas, limited by abscissas V, V. and
ordinates #,. #/,,,) Optimum CCutios was cepresented as the displacement

cf point S over the crtimum ¢lajeciOCy on the phase plane. The
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initial state So(Vg, Hg) aud rfands sStatad S, V. H,,) they were

coaglately determined and sece cwe pliats S S, on the phase plane.

In the task of the Seiwctiia Gf tne fastest path (§4) the
Fhysical system S was the trfucx wueCa <4as tc te translated frcm
initial point Sy intc fainas S, waithia the shert time., Here again the
state of system was descriveu o; twO parameters x and y (ordinary
Cartasian plane coordinaces), auu tha crajectcry of point S ¢n the
phase plane was itself tne cedauuasy tCajectory of the moving,driving

point (truck).

The continuous tasx or givit.ug Of optimum routs, examined in
§5, on the setting and 12 cie U.wenSLOL Of space differs in nc way
from previous. Let us ncte tuac 1. ta3 optimum path ran itself not in
the plane, but in the space (Lur exaaple, the path of aircraft of cne
point/item in another), theu pnase sSpace vould teconme
three-dimensional, but 1f 10 tu.s casa was optimized even the

mode/conditions of a changyo .0 iue valocity - fcur~-dimensional.

In all, until now, exdn, Les> wiasiued initial and final
conditions Sg and S.e Were tuwe couplataly fixed points of phase
space., It is not difficult tu ,ive oxaaples of the tasks, where these

states are the whcle regicns S, awu S, Of phase srace.
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Assume, for example, we need to dilect the comkat guided rocket
fronm some point S, cn tha sa.ta's susface intc tha vicinity cf target
Ts s> that it would strike tulis tawget. It is otvious, for this there
is no necessity tc direct rovkse .ut> che fixed point Su. and it is
sufficient so that it wcula uit tue priset zcre Su. which surrounds
the target, sizes/dimensious aua .urm Of which are determined by
damaging effect of rccket. Iue sctatd® 0L rockat at esach moment of time
vae will as representative o.Lt 5 in taa sizx-dimensional phase space
(thre2 coordinates, three cowjpouneuts oL velccity). At the initial
noment the coordinates cf iouxkev aia prasst; the velccity ccerocnents

are 2jual to zerc (pcint Sy .5 LOwplataly determined).

Fage 44.

As far as final state is coacerued S« than it is determined not
complately: space coordinates uduse D3 4ithin the limits of the preset
zone 5, and to the comjcaene.s wi veldcity no limitations are
inposed. Consequently, reyiou Sem «n tad six-disensional phase space
is liasited on coordirates x, y, « ani 1s unconfined or coordinates

V.V, V.

¥ hd

Let us assume now thdat the U.scuSsion deals not with combat, but
about the passenger rLCCKet; .0 o tne touchdcwn point is cospletely

ieterasined, but on the veloc.t; cuwpinants are superimposed the
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sever2 lipitations; in this <dse iegroa N substantially becoaes

x

nNarrov.

In the follcwing fressniac.oa w3 411] meet with a whole series
cf the practical tasks, waers tLe .hitial state 30 and final 5., are

not points, but the whcle rejyivus of paas2 space.

Phus, let us formulate jyeanelai proplem of optimum control in the

terms of phase srace.

To find such control U* (O, c.amuma control), under the effect of
which point S of phase space wii. wove frcam the initial tagion go to
finite dcmain S,., so that 1n tu«s casa critarion # will beccme

maximun.

Stated genaral/ccmracas/tutas IO0lam can te solved bty different
methdods - far not only ty tae setusod oc dynamic programaing.
Characteristic for the dynda.c pivyriaainy is the sgecific systematic
method, namely: the prccess oi tae disylacement of point 5 frcam Eo in
Sew L5 divided into the SeLlsS/.0e OL consecutive stagas

(staps/pitches) (Fig. €.4), ald 1o produced the consecutive

optimization of each of taeun, wvegyuuniny froz the latter.
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4

/4- -
Fig. o.l4.
Kay: (1) . step/pitch.
Page 45,

In aach stage of calculaticn is svugat farcst conditioral optimum
control (under all pcssitle assumptions about the results of the
rrevious step/pitch), and tned, aitvar cthe process of optimization is
led to the initial state S;, dyaau passas entiresall saquance of
steps/pitches, on already trzum tue bagyinning to the end/lead, and at

each step/pitch from mary coudativnal optimum contrcls is chosen one.

iovever, vhat d0o we gaiu eatu tae 2elp c¢f this step-by-step
calculaticn of the process o. opt.mizacion? We win that the fact that
at cna step/pitch the structuie oL conircl, as a rule, proves to be

more 3imply than for entire e lougyatidn/extent of prccess. Instead of
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cne time solving cf cemplex .rowisw, w3 prefer many times to solve

frobl3m relatively simple.

In this - entire ertity of tue astiacd of dynamic proyramming and
entira justification fcr its usesagpiication in practice. If this
simplification in the procedure us. optimizaticn from the distribution
cf process into the stages 1¢ Jdues not occur, tk2 usesapplication of

a metaod of dynamic prcgrama.ny Lecoads maaningless.,

§7. S3neral/comncn/tctal forLwuia oeocdfaing of tha sclution of the

problam of optimum conticl o, tae wecaocd of dynamic programming.

In the previous peragsa,n we rocamulac2d the jeneral/cecmmcn/total
formulation of the prctlem o. 4 nawiz proyramming and it jave to this
task geometric interfretaticu, ailier posing it as the problem of

steering c¢f point in tte€ panase space.

In the present paragrapu #e wili actampt tc register in general
form not only setting, btut asso swvaucion of the problem of dynaamic
rrograasming. Are true, the iuladias, wailca wa will obtain, they will
by necessity take the Ve€ry Jols.usscCommon/tctal, unspecific fcrm, but
for tae understanding cr tae Lutu.e Thase general formulas will prove

to be useful.
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sefore to begin the jensras/comaou/tdtal formula recording of
the process of dynamic froyluwaauy, 43 should make more precise the

natura of criterion W, s1in enicu ee cuus far in nc way dealt.
Page 46.

Let us note that in aii egaw.nel, until now, examples criterion
¥ possessed one remarkatle p.opeicy: taa value cf this criterion,
achiaved/reached for 2antire . focexs, ¥asS obtained by the sinmfle
addition c¢f the particular valuuws of tas same critericn w, of

achiavements at the single sieps/p.itlaes.

Actually/really, ceénera./couwon/cotal fuel cornsumpticn R to the
gain of altitude and velccit, (ses §4) +as the sum cf fuel
consuapticn 7, at the singie stepa/pLtCaes:

— N
/?.-:‘ r’, (7”

the total time T of displaceseatr vi ona point/item in another (see

§4) was the sum of the tims oL uvercOalny single stages /v

T:B ¢ 7.2)

1=l

and so on.

Lf critericn W [OSs@SsS6s Tuas proparty:

"
W = E w,, (7.3)

i.e. it is composed of tne e.wideucal; values cf the same criterion,
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cbtaiaed at the single stepsspitcues, then it is called additive.

In the majority of the ract.caL tas«s, solved by the method of
dynamic programming, criteiiuk w .s iduitive. If it in the initial
formulation of the problam 1o aut eduiitive, then they try then to
modify this setting cr critesivu .ts2li so that it wsould jain the

property of the additivity (ws€e iuitner, §14).

de will examine orly tane auu.tive tasks c¢f dynamic programming

and some most elementary cheo fJuw taose ieading to additive.

«et us give setting auu oveiawsai diagram of the sclution of the

problims of dynamic grecrawa.hy wath tae additive criterion.

Let there be the ccntrc. piocess of the physical systeam S,

saparated on m of steps/pitcaes (alages).

Page 47.

At our disposal at each (i-tu) step/pltch is cecntrol /. by aeans of

which ve we translate systew OL iue 3:ate § cf the achievenent as

=1

a resilt (i-1) step/ritch, 1ut0 dow s3tate 5. which depands on S,._,

and s2lected by us cecnticl U, ltuss dapendence we will register as

folloes:




DOC = 30151503 FdE 9@

Sl=51(s1-|- up. (7.4)

by considering S, as the fuancticu of tvo argusents 5., and Y,

L2t us note that fcr ap . ij+uy ti3 method of dynamic programming
it is substantial so ttat tue uew stitz 5 would defend oaly cn state
S,.; and control at i step/gatca U, and 1t did not depand on how
systaa arrived into séate Si_,- 4% this proves tc te nct then, then
shoull be "enriched"™ tte ccacepr vi tne "state cf systan", after
introlucing into it thcse pasasmstars from the past, on which depends

the future, i.e., tCc increase a auuwbac of measurements cf phase

soaca.

Jnder the effect cf ccnireas U, U, .... U, tha systae passes Ircn
the iaitial state 5, intc riuai S., As a resvlt of entira prccess

after m cf steps/pitches is uctasued tae “inccme” or "prize”

m

W=2Z (S, U (7.5)
vhers #,(S,_,. U,) - prize 4t tue 1L otey/pitch, which depends,
naturally, on the previcus scaie vi system 9.1 and selected centrcl U.

Is preset the regicn or tae wuitial states EB and the final

states S., It is necessary; .¢ ses.ect Lnltial state S ¢s, and

controals (/). ;. ... ', at eacu Stwep/pitch sSo that ifter m stepssvitches
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systaa wculd pass intc reyiou Swn a1d 1D this case prize W% tecane

maximam.

Let us describe ir Jeneedi Luad tae prccedure cf the
use/apolication of a methcd vi uyuadic prograsming to the solution of

this problan.

Por this by us it wili us usiessary to irtroduce scme new
designations. We alreacy des.yhatea 4 - prize within always cf
proccess; w, - prize for the i ste,., prLtob. Since the process of
iynamic programming is turneu/ruan up fSow the end/lead, for us it is
jecassary to introduce sgaciui usosigaacicn for tae rrize, acquired

for saveral latter/last stepo/pu.toues Jf prccess,
Fage 48,

wet us designate:
1, - orize for the latter/ldot step/0licCh,
W

‘w-um - prize for two latter,last stips/pitches,

W. .., ..« =~ prize for the iaite. (w-L+1) Oof step/pitch, beginniny

from tFe i-th and endiny witu Toe w-th.
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It is obvious,
W, == ©,.

W’m-l.m =w,_ +w,

(7.6)

As we already kncw, toe giocsss Of the optimizaticnm of ccantrol
cf th3 method of dynamic proyrasa.ug bdagians frcm the last (a-th)
step/pitch, Let afterward (w-1)-va scep/pitch ttka systas be in state
Sm-1- 3ince latter/last (@-ta; STe./pLich must translate system into
stata S, =S5,.€35,.,.. ther as S,., .& is possitle to take not all in tte
principle possible states or s,stes, but only those fros which for

cne step/pitch it is pcssivie to pass into regien S,

Let us assume that state Sa-1 t> us is kncwn, and let us find
under this conditicn ccrditacnas vptimum contrcl on tha m step/pitch;
lat us designate it U, (S..:). 484> 45 - che control which, being used

at tha a step/pitch, transiacds systaa i1nto final stata S €5 the

prize at this latter/last step/ps+sch W, reaching its maxiaus value:

Wi (Smat) = max W (Smar. U} (7.0

Let us recall the sense oL sjyuwbdi.c formula (7.7). WV 5, .. (/)
indicates prize generally (nut cgtimua) at the latter/last
step/pitch; it depends toth vun tne rasult of frevious step/pitch

S.-i- and on usad at this ste./piica coatrol U, 0f all gains
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Wo(Sm-1-U,) during different .ontzuis U, 1s chcsen that prize W'(S,_,.

which has maximum valué; this it wudicates raecording max..
m
Fage 49.

Let us note that as ccnticis U, sw aus: take cnly thosa which
translate systez cf the preset state S,., into state 5. belcnging to

-

region S

Pinding the conditicnai saxiuum value cf friza w,(S.-i). ve

thereoy find conditicnal cpriaua concrol UL (S The fact ttat

m-1)
coniitional maximum frize W.(S..,) is achieved by conditional optimua
control Un(Sa-1). we will Cey.Stes symoolically in the fcra

W (Smot)~Un (Sm-1)
and subsequently we will use ta.is recording fcr tha indicaticn of

conformity betveen the ccnui.ivia. maximua prize and the conditional

optimum control at c¢act step/ piicae.

Thus, the optisizatican ¢r iacttec/last steps/pitch with any result
of naxgxt-to-last is producea, auu is found the ccrrespcnding
condicional optimum ccntrol. Tue vutained result can ta formulated
thus: in vhatever state fproved tv we taa systenm Att.t.(l-1)

step/pitch, ve already know caat .o 4S to make further.

- - 5 e e SRS, e o vl <1
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Let us switch over to tud opcadlLzation of naxt-to-last (m-1)
step/pitch, Let us dc agaiu .0¢ aanuapcion that as a rasult (a-2)
step/aitch the system arfiveu iavu scate S.-; Let at (m-1)" step/pitch
wa usa control U,-,- A€ a ZeaUWil 9L CALS contrcl we at (m-1)
step/pitch will obtain tane puiiw, whican depends both cn the state of
systaa and on the used ccatsul:

) =Wy (Syze Uppo ) 17.8)
and systea becomes new s£taté 5., also depending on the previcus
stats and on the ccntrcl:
Sm-i =Sy (Spoz Uy): (70
3ut for any result or (m-1) s:¢3s/2itch the following, a

stap/pitch is already cftimi.eu, aud maximum frize ca it is equal to

‘V:'(S'"")=W;'(S"-I(Sm-2- Un-l))')- (7.1

»

FOOTNOTE !'. The sense ct recucuiuy (/.10) fcllowing: prize w, there
is a function of statesS,., sb.ca in turn, defends cn previous state
Sw-2 and1 used control Us.,. 5.0Ce +Gr the designation cf functional

depenience it is accepted tu use tae parenthesis, then in the
formalas cf type (7.10) we p.race +u@ parenthesis of inside circular

cnes, ENDPCCTNOTE,
Page 50.

Let us introduce into twu# eiaaizacion full/total/complete prize
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at two latter/last steps/pitehes Jduring any ccntrol at (a-1)
step/pitch optimum control ae cae w stap/pitch. Lat us designate its
Wh_) e Ssign "ev it will us reaaad that thas is frize durimg the
incoapletely optimized ccntrul, .u cd>acrast tc ths sign wsn 'ty which
ve designated prize with toat ccagsataly optisized ceatrol. Eriie
W.-1.m- it is obvious, it Qe elLus &0 taa previous.state of systena
Sn-2and used at (m=1) step/g~tca contrul Un-,- Taking into account
foramulas (7.8) and {(7.1(), ws sis. ODtain the fcllowing expression

for Wa.i a
Wt m(Sma2e Um-t)==
= @m-1(Sm-2. Unat)F+ Wi (Sm_1(Sm2. Un-))-  (7.11)
de should select tkis optimua coanlitional control at (m=1)
step/pitch Unm_1(Sm-2). With wa.cn vasua (7.11) sculd achieve the
maximum:

\V;n-l,m(Sm—Q) =Jnax {W:_l' m(Sm-2. Um-l)]- (7.12)

m~-1
Just as in the previous Stayw Of Joptimization, as states Sa-:
aftervard (m2) steps/pitCoes .¢ 45 08C3asSsary tc take anct all
possible states of system, vut vus; cthise from which it is pecssible

to pass in §,, for tvo steys/fitiaes.

Thus, is found saximua cauuizional prize on twec latter/last
stegs/pitches and correspond.ny to it Jsptimus ccnditional control at

(a=1) step/pitch:
‘V;-l, " (\qm-z)"\v U,.,'_| (s“-z)-
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3y continuing by accutacds; sucan fozrm, it is possitle tc find
conditional maximum frizes cu seveial iatter/last steps/pitches of
process and correspondirg tu taes uptisum ccnditional controls:
Wia2, m-1, m (Sm-2)~ Unn_2(Sun_3).

lv"n~3. m=2, m=1,n (Sm _4)~ U,',,_J (s,"_o

and so forth.
Page 51,

[f ve alraady orptirzazad (at+l) scep/pitch for any issue cf the
i-th, i.e., they fourd
Wiet, oo m (S~ Uini (S0).
that tha conditional optaimidatecu vf tana i step/pitch it is produced
accor iing to the general foruuia
Wit m(Sio) = max (Wiien .. mSier U} .13

vher2

..... w(Sio Ud=
=w,(Sio1e UD+Wiei, ... m(Si(Sict. Ud) (704

- prize, reachad at the latterl/.iasi 3tsps/pitches, beginning froa the
i-th, during any contrcl ac vae . stap/pitch and optimuam control on
all taose following; Si(S;.;.U) - cue 3tate intc which passas the

systaa frca Si-; under the witecz of coatrel U,

Phus, is detereine¢d conuicavual maximum frize at the last
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steps/pitches, beginaning £ros taue a-th, aand the corresponding optimum
condicional centrcl at the 1 Sce./gictch:
Wi et m(Si)~ Ui (S, (7.15)
Applying consecutively/s@i.assy, step by step, tha described
procedure, we will react fiualiy ctue first step/pitch:
Wi, ... m (S0}~ U} (So). (7.16)
wvhera S, - some initial state 0. ajystaa, vhich telongs to region Eo

of tha possible initial states: €3,

Remains to select Cptimaisy twue initial stata of system S*,. if
the initial state S, ir tane accuracy pceset (i.e. entire/all region
3; is raduced to one pcint 5,), caen tanere is nc selection, and
3%3=S,53. But if point Sy can sreely 03 chosen in the liamits of regicn
E;, taen it is necessary to uptiaice tne selaection of initial state,
i.e., to find absolute (mo iuvnjei coaditional) saximua grize in all
steps/pitches:

W""“""""_:‘:g[‘v:-m-n (So)l. (7.17)
vhers the racording ::; lddlCates: @axiauam is taken jue to all

states S,, entering regicm S,. wroaLt S*,, at which it is reached this

maximum, and should be takea a5 toe initial state of systea.
Page 52.

Thus, as a result ¢f cne consecutiva passage of all stages frca
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the sad/lead at the beginniu, aiw zouni: the raxiamus valua of prize
for all a steps/pitches anu cowsesgonuiny tc it optimum initial state
cf thi prccess
W =W  w~ S (7.18).
3ut is constructed airsad; uvye.inzua contrcl? Nc yet: indeed we

found on each step/ritch cal, .o cebndicional cptiaus cecntrol.

In order to find cfptiauw ccuzaol 1n tha final instance, ve aust
again pass entire sequerce ¢. stepys/pitches - this time from the
beginning toward the enc. I'o.s secund "passage cn the steps/pitches®
vill oe auch sinmpler than cvae fiisy, bD3cause to vary conditicns no

longar it is necessary.

As the initial state or systeé LS selected S*; (¢cr simply So, if
initial state is rigidly fixed/iacordsi). At the first step/pitch is
aprlied the optimum ccrtrc. u*t (sue (7.16))

Ui =Ui(sy). (7.19)
after vhich system it fasses iuto aevly the state
St =81 (Se. UY). (7.20)
It is nov necessary tc selec. ugt.amua control at the second
step/pitch. We already cptiu.zeu .t foc any result cf the first
step/pitch, i.e. ve kncw U®, (S, (pd2 (7.15)): substituting in it

S*,, ve will obtain
Uz == Us(S)), (7.21)
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and so on, until we reach toe vptawua control at the latter/last
step/pitch
Un=U.(Sm_1) Co7.29) -
and tae final states cf the o ysiea
S == Seon =S (Snn_1. Us). (7.23)

As a result of this vit.re pivcadire is found finally the
solution ¢f the problex: mdx.Bais; possible prize ¥* and the cptinmunm
centrol U# ihich COnsSists Ur tue Optimum ccntrcls on the single
steps/pitchaes (vector c¢f opt.mus cuntrol)

U'=(Ui. Us. .... Un) (7.24)
Page 33.

Thus, in the process or djuaa.c oroyraaming the saquance of
stages passes twice: fc¢r tie fuiist tima - frcs the end/lead at the
beginaing, as a result ¢f wa.ca as fouad the maximup value cf prize
d*, the optimum initial state Ui ,i0c38s S*;, and conditional cptiaunm
contral at each step/pitch; Lor tue second tise — from the beginning
toward the end, as a result vf waach is found ogtimua contrel U; en

each stap/pitch and final state or System with the cptimum centrol S...

Thus, we succeeded in p.eseat.nj in general form and registering
vith cthe help of the generai Loimu.as che process of dynaaic

prograaming. In view of the »yawvui.c racording ¢f fcrmulas the
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structure of process is very sioy.e, 04t this - false iapression.
Upon tha setting of the spsc.fuic pooolams of dynaamic programeing

frequantly appear ttre ditficulties.

rhese difficulties arec <cannecval, tan the first place, with the
selection of the group Cf pd.ade&tass Ly s X2, s+es X, Characterizing
the state of the physical systow 5. AS it was alrgsady said, these
raramaters must be chosen 50 taat 2h tad preset state S(x. x, ... . x, cf
systaa S at any mcment/tolyue its zollowing state S'(x. x;. ... x)), into
which it passes under thke etiect oz control U, it depended only on
the previcus state S and < a.rCos U aad did not depend on "past
history" cof process, i.€., I.Cu Taat, <4nen, as as a result of wvhat
contrals system arrived intc state S. Lf this proves to be not then
it comes those elements/ceiis 0L cue past on vhich defands tte
futura, tc include in the set Ci paCfiR3ITELS X . X .... ¥, those
charactarizing the state cr oystea ac the given aoment/tccjue. But
this leads to an increase .a tae Ludb3c of neasurements of phase

space and, which means, to tuae coaglication cf task.

The second difficulty ccnsusts 32 reascnabls "staging” cf
process. It is necessary suv tCc uisenjagye the prccess c¢f transition
froa 3, tc S, to the steps/.1tcnes 30 that they would allow/assume
the convenient numbering aud cae precise sequénce of operations. This

task is frequently far rot S.ay.ie.
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Page >4,

As has been nenticned awove, th2 distribution of process into
the discretesdigital "staps/.iluvcuss»™ 15 Dot the nacessary
sign/criterion of the method ¢r ajyuamic programming. In principle
alvays it is possible tc¢ diruct tas laiajth of step/ritch toward zero
and to consider limitirc case - "councrauous" dynamic prcgramsing. It
is possible tc obtain in tne fiuas form the sclution cof such
continuous problems crly in :tbhe rarle cases, but they have the high
theorstical value in the¢ provf of ha axistence thsorems, and also
different qualitative prcperiies or tha optimus sclutions (see [1]).
In our 9lementary presectativn ¢I tha aetnod ¢f dynamic programaming

ve will in no way concern tueSe iiwitiag cases.

In further paragraphs we wiii Consider a whole series of the
practical tasks, vhich are audyuace/approach under the overall
diagram of dynamic procrasmiumy. Scame of these tasks ve will cnly
supply, for the majority let us s«etch the diagram of the solution,
vhile some soluticn t¢ the dud/ieau., Somé tasks ccmparatively easily
are carried out under tte overa.. aiagram, presented in this
paragcaph; above the settingy o0z covuels it is necassary to still take

soma pains itself. Keefiny 1. mauu unwialdiness of calculaticns "by
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hand", it is easy to cceireassau tuat to the ccncretes/specifics/actual
numerical result will té leud culy th2 simplest tasks with a small
number of parameters X;, X,, se.s, that ara determining the state of
systaa. However, it is recessar; ve nave in sind that by completely
the same methods with the ueuy cx zTna contespcrary high speed
cemputers it is possible to wcive ani wuch more comfplex probleamas with
a censiderable number c¢f paradecess. However, as far as number is
concerned of steps/pitches m, tasa f£or tha rachine calculaticn its
increase difficulties dces aut yeaerilly obtain: simply increases the

time Of calculaticn prepcrracnas oo 2 number cf stegs/pitches.

Page 35.

§3. Task cf distributing tae resouicass/lifetires.

Among the practical tasas, sva.vid by the method of dynaric
programming, many they have as a jycai o £ind the rational
distribution cf resources/ii.@cales according tc different categories
of actions. To this tyre beivnys, zoc 2xample, the task about the
distribution ¢f means tc tae a@ayui,ueat, the purchase of raw material
and tae hire of work fcrce auriuy tha organizaticn for work cf
industrial enterprise; the tast awcuc tae distribution cf geocds
according to the commerciai aau sSevCagja locations; the task atcut the

distribution of means tetwed. uizierinc branchkes of industry; the
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task about the weight distrisut.cu batsaen differant aggregates/units

of tachnical device/equifpment, «tce.

dere ve will comsider cue or tha simplest tasks of distributing
the rasources/lifetires, cn wnica it 15 easy tc damcnstrate the

special feature/peculiarity vi aau; siarlar tasks.

rhere is preset initial Juauta.ty of means Z, (it is not
compulsory in the mcney fcrmy , waach wa must distribute between two
brancnes of the production: 1 4auu II. These aeans, teing they are
imbaedied in branch I and 1Ii, yieau the specific inccme. A quantity cf
means x, included intc traacsa I, ik Ona year arrives income f(x): in
this case it is reduced (pareclasi,; it 15 expended), sc that tcward
the and of the year frca it .didalus Che remainder,residue, equal to
¢(x)s P(5) < x.
Is analogous a quantity ¢f sesaus y, rampedaed in branch II, yields in
the year income g(y) ard is .e€ducea to P(¥:

YL y.

After each year tleé reiain.ay weans agair are distributed

betwe an the branches., New @mcads 1. dd>as not act, and into the

production are packed all rewaiuiuy in the presence mearcs.

It is necessary tc¢ fiua 3Sdca amachod of centrol of service lives
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- what zeans, in what years unu 1u4t0 vwadat branches to pack, with
wvhich total income dtrirg tae geiscd iatoc m of years is ccnverted

into the maxiaun.

de will solve problem b, taw a3cnod of dynasic programming. The
physical system S, whick we wiiu wanage, 1s tke group of anterprises
with cha imbeddad in thea weuns. r1iza @ - inccme frcm toth tranches
I and IXI during entire pericu. A=a¢qsaant - t¢ tlanyglide ¢cn » of
years - gives the natuoral arcicuiarion of process on m cf
steps/pitches (stages). Howevar, ior tas3 purpcse of prasentation we
will at each step/pitch dist.nyuisu two halfstefrs or
“component/link™. On tle firtst ¢r ctham occurs the redistribution of
means; on the second ~ tne mewdas vLly are expended and cccurs

formation of inccme.
Page 536,

Let us select the 00w numesical parameters with the help of

which wa will characterize s.tuat.on (state of system).

Che situation befcre veyinciuy the i stage (befors the
rediscribution of means) let us ayiea to characterize by guantities

cf tha means
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those remaining in brarchnes . 4ua 4I after previocus (i-1)

step/pitcht.

FOOINJOTE 1. This does nct rwiaiw v che rirst step/gitch in the
baginaing of which to us 15 siu,4a, Jivan certain quantity of nmeans

Zg. ENDPOCTNOTE.

Situation after the distriouctiou ui 2eans (i.e. after the first
component/link of the i step/piicu; we will clkaracterize by
gquantities of the means

£ Yo

~hose packed in tranch I ana Ii ae tais step/ritch.

As a result of the secouu couwpgoneats/link of the i stap/pitch
(consumaption of resources) tuese values it is reduced and will becose
equal to

x. ¥
after wvhich we let us pass tv tae 19lliwing steg/pitch.
Let us depict tle state or systaa as pcint S in the phase space.
This 3pace can be constiuctuu ia uifferent ways; for the purgcse of

clarity ve will select its twso~aiwensicnal (Fig. 8.1).

Along the axis of absciusas ux ¢de will fFlot/deposit the quantity
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of rasources, packad irtc wvradca +; >0 axis of ordinates oy -
quantity cf resources, paci8u .utu braach Il. Then phase space will
te tha part of plane xCy, won.Ca 4.e5 within ard on the borders of
trianjlae A0B. Actually/ieaii;, iva 3212y Stage cf production the sunm of
the rasources, imbedded ian wv.aaca i and II, cannot excaed the initial
supply of the rescurces:

£+y . Zy (8.H
furthermore, these enclcsures due aoa-aagative:

x>0 y>o0. (8.2)
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Page 57.

By tha region of plane x0y, ebduca sacisties ccnditions (8.1) and
(3.2) , is triangle ACP; this and zaere is the phase srace, in which
it can change its pcsiticn puiat o5, which represents the state of

systsa.

Let us deterasine reégicas :o aund .iw of the i1nitial and final

condizions of systea.

At the initial scment s.ayse, thac wa kncw akbcut the state of
systen, this that the fact tuac tue sum cf enclcsures into bhoth

tranches is equal to the iaicias oupply of the rescurces:

x+y=zo-
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This condition satisfies any po.ue cutcily Off AB, which and is
:aqion'go of the initial stacis o« systam. As far as positiorn is
ccncerned of end foint S,.. oen ee €)W only tkat for it -

20 y20. x4+y<2,

i.e. -egion S, is entire ti.anj.e A3, besides nypctenuse AB.

Let us look, what tcIm vdan vase tne trajectcry of point S in the
phase spaca. Since ve €xadiue Qd.sca€flsed pratlea, this trajectory we
will represent in the fcra c. tivaen line (Pig. #.2). At the first
step/pitch, in contrast to ochéews, occucs cpoly the exprenditure of the
rasources (there is nc rediserCisuec.oa). XIn this case cf the pecint s,
with the coordinatas (x,, ;,) +e .ass into point ¥ wvith the
cooriinates (x';, Y';)e SiLCa 4';4%3s J' €Y1, the this compcnent/link
of trajectory is the secaeut, u.iectad froam gcint S, downward and to
the laft. The follecwing (secunu) otep/pitch ie divided into two
compoaents/links: 2, and 2,. 0o tuw £irst componmeat,/link 2, cccurs
the radistribution of resouscds; .o this case x+y remains constant
and, which means, point S .s sowiu 01 tne straigat line, parallel aB,
into point N with the ccoraiuates (X, yz2). On the second
component/link ‘0of seconé ste,/pitia (2z) again cccurs the exgpenditure
c¢f resources, and point S aoves uuwnward and to the left, and so on,
until thrcugh a cf stefps/pitines .5 acni@vad/reached final state

Sen - point with cocrdinates (<. y).

B st TR - | et er s wiy v ARARAM - e R M =
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Fage 58.

Let us notm that toe COwjOuweuls/liuxs cf staps/pitches are
nonequivalent: contrcl is rewulizeu only cn the first coeponent/link
cf each step/ritch, and co tue€ secend <@ ottain inccae. Contrcl U, ¢n
the | step/pitch (realized ou cue zi-3:. compcnent/link i,) ccnsists
cf the selection cf ncn-neyacive values x,. v, of such, that

fLity=x_,+y_,.
After this we obtain or tne seconu coapunent/link of the i step/pitch
(L) the inccre
® =/(x)+g(y) (8.3)
but point S, which represeut. tue stats of systeas, passes to the new
fosition with the cocrdinateé.
=) v =) (8.4)

It is necessary tc find tass po0sition S*g of pcint S, on the

straijht line AB and this tra jectuiy Of point S in the phase space so

that cthe total income fc¢r ai. & i tae steps/pitches

W= '\’:'
l“-l wl (8'5)

would be converted intc tnew wai.bua,
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Page >9.

Jefore us - the typicai task of dynamic progyrarming. let us use
to its solution the gererai/cCamustotal asetheds, presented in the
Frevious paragraph. In crder to mase a coacretesspecifics/actual
application/appendix of gyeuds a4 mwthod as clear as fpossible, we will

Fermic oursalves perhags a i.ttie TO be rapeated.

As always, we will cpriuise .n@ process cf distributing the
resources, heginning frc¢s tae @uus/.ie@ad, sorecver imsediately cn both
coamponents/links of each ste,/gitin (taxking intc accouant that the

second of ther it is urguidau).
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w0t before the m-th (La.tdi/.aSt) stapspitca we be found at
point (%,_;- Ya_))» and ve MUST .eud.s.iibute resourcas, i.e., select
point (x4 Y.) such, that
St V=X H Y,
Let us note that fcr scaviuy this for us is not required
knowledge of both numbers *n._;- ¥,_, aad i1t is essantial to kncw only

their sum, which is suk-¢ct .C taw radastributica:

zu -1= x»‘-—l +y:.-| l)-

FOOTNOTE t. Since the state uf s;,svem artar each stage is
characterized only by cne nuwoéi, we couid select our phase sface
cne-limensional, but then tla jectoly ¥oulld apgear sc not clearly.

ENDPOJUTNOTE.

tedistribution will cvnaist .n the Lact that ve will isclate
some part ¢, cf resources Z,., a«a put it into branch I; a quantity
cf rasources y, which is pacaed 1u10 0o-anch II, autcmatically it will
te determined frcm tike re¢lat.casa.p/ratic

Ym=L ey — x,,.

thus, at m step/pitch "ccntiuva™ is <» W@ aust fird on this
step/pitch conditional cptimum cuutrdl, 1.e., for any value Z,.. find
such juantity of resccrcas x,(Z, _,) of iaose packed in tranch I, wvith
which the inccme at the @ stejp/patch, aqual tc

W (Zpey Xp) =wpn(Z,_,. X (8.6)
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is converted intoc the sazimus:

WelZu )=  max (W2,

0ICrg <2y,

ENIE

(8.7)

T e e P A

e em e mm e ————— - —
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Page o0.

Recording max. F£eans thnat is takau tae maxiamun

"<.Im v, Zm_l

in terms of all rossible at tuis otep vaiues cf control Y. they are
non-nigative and do not excesd tae ganaral/ccemcnstotal supply of

means Z,-- by which we arrived as his stap.

Zxpressing maxisur incow3 (o.7) ac the last step/pitch through

the iabedded mmans acccrdiny to ivimuia (3.3), we will obtain

W Zu )= max  (f(Xp) + & (Znai— %)) (R.3)

(LN .
“'m T lmo

l'o this maximum value curresgunis the specific conditiocnal
optimum control at the = steg/patca
Wi (Zn 1) ~ Us (Zn 21)r
and tae problem of tle ccnaiecicia. optimizaticn of the m stefp/pitch

is solved.

Let us switch over to tue couaitional cptisizaticn of
next-to-last ((m-1)-th step/,itcu. Lat after (m-2)-th step/pitch be

preservad the supgly of tThe meaus

Ly a =% stV s (8.9)
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Let us find W, _ i\ a(Zn-2) = Cuddacachal aaximue income in twe

lattac/last steps/pitcheés. Let ceuvrdl U used at (m-1) -th

m=1
step/pitch, consist cf the fact vauat ws pack into branch I prcvisions
t,; (and that means, irtc c.auca 11 - provisicns v, , =7,..—rx,_)-
With respect to these enclosurfus at (m~1)-th step/pitcha ve will
obtaia the inccnme
N W X )T K )L oy — X)) (8.10)
and system changes intc the ,0O1ue of phase space with the cocrdinates
X = HEH Vo =Y )= WZ o= yy)- 18.11)

According to the gemsia.,ccuacn/totar principle (see §7) in
order to cptimize conditicha. Cceaescl at (m-1)-th step/pitch, it is
necessary to sum inccme &t (w=-1)-uvu sT3pspitch (8.10) during any
contriyl v, . with the alreau, opt.wizeu 1accmeé at m step/pitch (8.8);

wve will obtain total inccme at twe lattar/last stepsy/pitches

‘VI;I—', " (Zm-?' X~ l) =
= Onct (L2 Xm- )+ W (Zot). (812,

Page ol.

After this let us fingd the cuntrol x,., cn (m=-1)-th step/pitch

with «4hich inccme (8.12Z) is ¢ouvest€a 1aoto the maximum:

‘V:n—l,m(zm-z)::
= max (Wit m(Zme2 Xm-1)). (8.13)

|,<‘rm-l < zm-l
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Lat us vrite evident exfress.cas Wa_i.m(Zm.2 fu-1) as to function froma
both arguments. Por this let us suustitata intoc forgula (8.12)
expr9ssion (8.10):

Wai, m{Zm-20 Xm_1)==

= f () + &Lt — X )+ W (Zu-1). (8.14)

But oa right side of (8.14) .s iucauded, ovesides Z,., and ~ still

-1
Zn_1- £n order to get rid or ca.s “excass" arqument, let us recall
that the supply of means Z,.. dalfies (@ 1)-th step/pitch depends on
the supply of means Z,_» Ci uvdisanle at the beginning of this
step/pitch, and used at (a—1, -tu svap/pitch ccntrol *“m-1+ according to
fcromula (8.4)
Za i =P (X )+ P (2= X)) (8.13)

Substituting this exfressicn ioce zormula (8.14) and then (8.14) 4in
(8.13), we will oktain tinai.y tae expressicn of conditional maximun
incoma at tvwo latter/last stefps/patcnes:

Woact. m(Zimo2) =

= max ‘/(~V,,._|)'T"g(zm—2 —‘\./rr-l?—i_
Wl v <
m-=i m-1

4 W3 (kmat) =4 (Zmor— Xm-0)) ] (R 16

vhers £, g, ¢ } - specific, gresev fuactions cf their arguaments, and

WalZn-1) = function, ottaired us a cesult of the conditional
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optimization of latter,/last otd,./y«tca; 1atc this tunction (given cne
ty formula, graph or tatle) .Dsteau Of argursert Zm-1 it is necessary

to supstitute valune (8.15).

Page o2.

Tha value x, . witt wsica aitceins maximumr (8.16), and there is

condictional ootimum ccntrcd at (u-1)-ta step/pitch
X1 (Zm2y

Thus, the problem ¢f thne ccaustiounal optimizaticn cf centrol at
{(a-1) -th step/pitch is sclveu: u«> «ouad conditicnal maximuam income in
two latter/last steps/ritcaes auu ccCrassponding to it conditicnal
cptimim controls ~ quartity i aeawnS, packed cn (m—-1)-th stepspitch
into osranch I: W )~ Fas(Zud)

3y continuing the fIccess <z <¢oadicional optimization in exactly
the saime manner, we will cotaia zel any (the i-th) step/pitch
condicional rmaximum inccme tur aias Siapsspitches, by teginning frem
the data:

Wit m(Zio)=

*
= max (Wi
ngx; (Z‘-

wZior x0)). 817

whera

W mlZite 2 = f () g (Ziny— X))+
Wi w2 —x)) (8.18)
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and W 1. ..(Z) - functicr, aic2au; coascructed during the optinmization
of thae i step,/pitch: into ta.s .uictioa iastead of argusent % it is
necessary to substituté the eiplession

)2, = x). (8.19)

Substituting (8.18) in (t.17;, <c wiil oDtain evident a2xpression

W' . ./_.) through kpcwu fuiucew.oas /-8 7 v w, .
W, et Z o)== max {f(x,)+g(Z‘_,—X,)-'r-
n,<xi - i
+ Wi m(pxd P Zisi— )] (8.20)

To this conditional raxisua .DCciwe corrssponds conditicnai optiamum
contryl at the i step/ritcn:

w? (Z

Ll Loom

Y~ (Z_,) (8.2

i-1

#hen thus we prcduce zihe ccudstiocaal optimization of all
steps/pitches, excapt tie ri.s. (set us recall that it is
qualitatively different frcu tue vithsrs, since it consists cnly of
cne component/link), tc us it Lewa.ls to optimize ccentrcl on this
first step/pitch and tc fiuu tue waximum full, tctal/ccaglete prize at
all steps/pitches, which depenus «t jJoss withcut saying on the
initial supply of means Zg:

W (Zo) =W, 2, ... m(Zo). (8.22)
Page o53.

[
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Jalue W, . (Z) will ve lucated from the same foraula (8.20) as

at ths remaining sters/pitcacs:
Wia, ... m(Zo) = 0({""?*(2'{/ (%) +g(Zy— x)+
+We (7 )+ 9 (Zo—xn)). (B.23)

Entire/all special feature/pecCuiiaiicy of the first staps/pitch lies
in ths fact that the iritias sSugpa; O means 24 is rot varieé, but it
is assumed to be known. Tiaw vasue uf coarrol x*,, at which reaches
maxiaim (8.23), is nc lcnyeI CoLuaecicnally cptimum, but simply

ootiaum ccntrol at tte tirst stey/.itca waich it is necessary to use.

This value x*; determines tue aosclssa cf point S*, cn cutting

cff A3, with which begirs vpeliwuw ovraj3ctory in the phase space.

dnowing the fpositicp or tuis pornc and again passing all
steps/pitches, Ltut alrezdy iu. cue opposita direction - frcm the
baginaing toward the end, it 13 pussSiLbid to ccnstruct antire cptimum
trajactory of point S, let us tiace nod will fass this trajectory, on

the steps/pitches and tlteir ¢cujouents/links.

in the beginning cf tue fiis. step/pitch point S is found on

cutting cff AB and has <¢COLd.tdaces

- * L]
x. wWw=7Z,—x.

Aftec the first s*tep/pitch pualc > i3 woved into tne fpoint with the

cooriinates (K =l () =)
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sum of which is @qual tc tne Supp.; 2 means after the first

stap/pitch
Zi= (5 + ()"

Cn tha first compcnent/lins oI tue Ssconu step/pitch cccurs the
rediscributicn of means; f[oiut o5 paSs35 intc the point with the
coordinates e ] .

X, =X, (Zl), y = Z; — X
whera x*,( 2*%*,) - the ccna.tucuas ¢pciaua centrcl at the secend

step/pitch, in which irstedaa or 4; 1s set Z¥,;.
Fage a4.

On tha seccnd component,/link OL tae sacond stepspitch occurs the
expenditure of the means, anu poilus 3 1s moved into tha point with
the coordinates
(e =2 (%28 () =%(32).
sum of which is equal tc tae CLamaluiag toward the end of the second
step/aitch supply of tte meaus
Zy=={x) ()

and s> forth up to thre lattes/iase Scap/pitch.

thus find the final soiutaca of tans prchblem: maximum inccme for
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all m of steps/pitches #* auu curresponding tc it optimum control
X#=X* (X%, , X%,, oe., %) iDulLdialiy, 4hat Juantity of means in what
stage it is necessary tc¢ SeieCy 2uto ucanch I (remainder/residue

autcmatically is abstractea/.eucvea o0 branch I1),

After is examined the s.dc.iu¢ problem of dynazic programsming,
it is useful again *¢ returu to tas jausral/ccmmon/total presentation
cf a juestion into §7 and to luoua, waat concretesspecificy/actual
eabodiment obtaired in this . Iouiew cis 1ntrcdéuced tkers

generil/ccmmon/tctal ccrceptse.

the systean of these ccnioruwst; wa@ will register in the fcrm of
the table, divided intc two ,arts oy vartical feature; to the left of
the faature ve will write tuat va.ue®, concept cr symbcl which was
appliad in general; tc the r.gae - corraspcnding to it amalog in our

speciil case.




DOC = 830151504

Page o5.

Tey) :

PAGE »

O\ it ooulen cayrae

( ?’) B mawen 1acTiaom ~ayiae

Teaconan cucTeMa S

Q) !
B € ]
ol on (11arog) !

I"pynua upciupuarun ¢ nan-
ACHITBIMIL B HHK CPE CTRAMI !

S\ L
(@

m aer

(@l .
Avtronnei kpurepus

; we w,
——
[

CAC W, — AMNFDPMIL N M

o
OOuuni 10x0a 3a m aer
\J
v S,
=1
rie ¥, — 10101 ot nrpacaci !
w Il na (-m utare

+
" ware ‘
| :
(@ |
Yupanacune U, ua i-u
mare

n)
¢ Coctoainic tuctemu nocae
i-ro mara S; :

I
!
!
'
i

fo)
Koanucctno  cpeacru X,
0KAAIWRACMOC U OTPACAR |

’

Koawtecrao ¢peacin x, i
OCTARIUNXCR B OTpaciax i« ]
COOTHETCTACHNN, Tyiecraci.m
AAR HAQMHPORANIS J0ABGCHIeX
WAroR RAIACTCR X Trmma

z . ’
= -y
t xl O '\l

oY) ]
. Coctosunc cicTemw nocac
D=0 MAra 8 3ARACHMOCTI OT °
; °C COCTORMIA ocae (i — 1)-ro
; WArA 1 yNpaABACHHA N3 (M
l ware

l Si=S5:(S;_. U

Z, =7 (%) + (02—

Bunrpaiur #a -8 ware a'
3aBHCIHMOCTH ot HCxoaa
(i — 1)-ro wara S;_, w npume-
HEeNHOro 11a (-m ware ynpa-
BACHHR.

w; (S, Uy)

w2, x)=f{x)+g (2 —x,)

ey

' ‘Pazonne nNpoOCTPINCTDO

{e)

Tpesroavuuk 408 (¢
puc. 8.1

0623CTh 11A12ABIILIX COCTOR-
i cuetempl S,

)Orpeaox AB (cw. pnec N 1)

U9

O6aacth xONCINBMX COCTOR-

|
" T
|

i(20 -
reyroaviik AUB (3a wexan-

Wl CcHCTeMM 3“’. AcuneM  THRIOTCHYIL) (cw.
l puc. 8.1)
T @
OBTUMAIMIOE 11A11AALKOe €O~ Onﬂmu:mme KOANICCTRO

CTONIKE Cncresud
.

{ Q‘) Sl)

CPEACTB X BHIACACINOC B NCP-

BYI0 OTPACAh, U OfpcicarCcMOe
HM KoanuecTno cpeacrto

¥} = Zy— x|, NHRescHIOE BO
0TOpy OTPACAL




e e e m o o T - o T e

/2t

Doc = 80151504 EAGE &¥
'@ T e
+ Outusaannoe ynpanaieiue OntiMalsiioe  k0ANYECTBO
E U= (U], Uy e, U :pco:;';:“l:ol:roaau. BmAacASCMOe
; X'-(-l':.x;. e x;,)

Kay: (1): In generéi. (¢)e lu OUL 5pacCedl caseé. (J). Physical systan
S. {4). Group of enterprises wita .moecdded in themvneans..(S). m of
ethanas (steps/ritches). (o). ye€daus. (/). Additive criterion

vhers w; - prize at i step/p.tca. (3) . Aygregate prcfit after m of

years
vhers w, - income frc® iraucues a aond LI at i1 step/gitch. (9).

Ccntrecl at i step/pitch. 1) B Juaatity cf reans % packed into
tranca I. (11). State cf Sys.sa azeecward i-th staep/pitch Si.(12) .
¢uantity cf means qﬁq;' feudelany -0 d-aaches I and II respectively,
essancial for planning furtner steys/pitches is their sum. (13).
State of system after i Step/pitiéu Jdepenaing cn its state after

(i-1) -th step,/pitch and contacs ac i scaps/pitch. (14). Eraze at i
step/pitch depanding cn issue V. (a-1)-%a step/pitch §;-1 and usad at
i stap/pitch control. (15). zﬁaa- spaCs. (16). 1riangls AOB (see Fig.
8.1) (17) . Regicn of the iuitiai states of systen Sg. (18) . Segment
A3 (ssee Fig. 8.1 . (19). Reyseou 0L final states of system. (20).
Trianjle A0B (except £CI hjpvtedise) (3e6 Pig. E.1) . (21). Cptimum
jnitial state of systes. (<4« UpTadu@ Juantity of seans x*,,
jsolated in first kranck, ana asteiminsd Dy it gquantity of means
y*:1=2,-x*,, isolatad in secoud claucn. (23). Cetimur control. (24).

Optiaum quantity of meags OverL jeals, separating into traanch I.

In ths following presentatic. ée eu.ll averyvwhere follcw overall
diagram §7, no longer accCupulsily it 2y sossuch cosprabensive by

explaaations.
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§9. Bcamples of the tasks awvuc tue distiibuticn of

rasourcaes/lifetines.

For mastering the general soiution oL the task about the
distribution ¢f resotrceés/ii.dit.uwes, Jgived in the previcus paragraph,
it is useful to use it ¢r toe ccuciates/specificsactuval material., Here
ve will ccnsider two specliac zaaigl3s or general proklem about the
distribution of th? rescurcées/ilieiiases, 1n each of which let us
assigja the conmpletely specir.<¢ foasiw Oof taa functicn f£(x)}), g(y)., #(x),

v(¥). 124 let us bring each 0oL tue exaapies tc¢ tte nunerical result.

3xazple 1. Is planned/j.iueu th2 40ck cf two branches of

producticn I and II £or perivd & Ve ywdls.

A quantity of means x, .uswsuued 1a pranch I, gives in one year
the iacome
flx)y==x? 9.DH

and 1ie to this it is reduceu tou

2(x)=0.75%. (9.2)

A quantity of means y, .Boéuued ia oracct II, gives in cne year

the iicone gy =2y 9.3)
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and ic is reduced to

P(y)=0.3y . (9.4

FOOTNJOTE !. Unity the measulcuwaut uf 1acowe and rmbedded means must
not b2 the same. The tusé/appgaicat.un 0L forrulas ¢f tyoe (9.1) and
(9.3) does not ccntradict choe paiiuciplss of dimeasicns, if means and
incom3 are expressed ir ccapidtea; sSpeciilc urits of measurement.,

ENDFOJUTNOTE.
Page 37.

It is necessary tc prouduce tue lisctribution of service lives 2,4

cetwasn branches of the I aLu 14 0 2ach y2ar period teing planned.

50luticn., Cenditicral c.tamua conirol X, on the latter/last
stap/gsitch (quantity ¢f means, .sviated aa tranch I) is located as

value “a with which it 1¢acnes maxsimua income at the latter/last

steg/pitch:
Wa(Zn-)=_ max (@, (Zp.i Xn)}-
0I€spy <2y,
vhere ’m (zn-l' x')=xf'+ 2(zm—l _-xﬂl)z' (9'5)

The graph of functicn
Wy =", (Zn-l' Xm)

depending on argument x, .15 Ce.fesentad with the given one Z..: by
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certain parabcla (Fig. S.1) . las second derivative cf functicn Y= of
*n is positive, and the€refore gasanola is ccnvertaa ccncave-ug.

Maxizum value can Lte reacma Casy on tas borders of gapsinterval
0. Z,_Dd.

FOOTNUTE 2, Therefore has no seuse to attempt to seek the maximum of

function o» equating tlé¢ der.vative to 2aro. ENDPCOTINCTE.

In orler to determine, ¢n wnat g LeclseLy oorder, let us substitute
intec formula (9.5) xp=0 anu Xx,==Z, - 48 will ottain in the first
case (vhen *a=0)

Woy = 22,‘.._1.

in th2 second case (when x,=2,_ )

w,,,_—.Zf,,_l.
The first value more thapn tne secevad: consequently, independent of
valua Z,.;. the maximuer ¢f 1n.GCde at ths latters/last stap/pitch
reachss vhen x,=Y. i,e., cowdaiivuai sprimum centrolx,(Z,.;) does not
depeni on Z,_, and it is alwa,s eyual to zarc, tut this ssans that in
the bagirning of last jyear a.l aveilaioie means it 1s necessary to

pack into branch II.
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Page o8,

This is only logical, since .aCouwe froud tnis tranct is mere, tut the
expeniiture of resonrceés us uc ivugyer -ntarests (follcwing step/pitch

it vill nct be).

Juring this optimia couiros iast year will bring to us the
incoaa W (Zmo ) =228 1.

Let us svitch over tc Tuad uastridition of resourcas to (s-1) -th
year. Let wve aprrocach it witsa .Jae supp.y Of rescurces Zn-> Let us
find cthe conditional saximus i1ncowe 1D TWO last year:

Wit m(Loma2) =

= max {"! +2(zm..1 - xu-l):+ W:‘ (Z»I-l)]'

m-|
LA slm_,
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But
Z.,,_l == 0-75x,.-| +0.3 (zn-l —Xp)
and conseguently,

W:n ()= 2[0'7:7‘»-—1 -+ 0.3 (Z'll-l - xal—l)lz'

danca w9 will obtain

,\’,.,'_,' m Zmo2) = max fx? -+-2(Z'.--_.—x1.-|)7+

) \" -1
L P

+2(0.75%,., = 0.3(Z s — Ca_ )

The expressican in the Cufa, waasds, briefly designated . . . is
again the polynomial of thne sécouu dayree relatively *~  with the
positive sacond derivative, aaa .is jrapa - faraocola with convexity
downward, so that it is agaiu aecessaty to trace tc ths maxisum only
the axtreme pcints of irterval (Faye 9:2):

N =00h

-t 7"'4-1'

Key: (1). and.

In tha first case (vhen ¢, - we Wwile Qotain
Wonatym sz 2y = 200,32 = 2.1802%

in ths second case (vher -7

o tm =L 24 2(0.752,0_ ) = 212570 .
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vhenca it is clear that the wdxsuwuia 1Jaln reaches wtan *»- =9 and is
agqual to \X/,',,,_,,,(z,,,,,)'=2.1807_?,,_,, lev., AT -1@ nNext-tc-last step/pitch it

is necessary all rescurces Tty pgdca iato kcramch II.

wet us pass toward (m-¢) -tu tou step/pitch. It is here necessary

to macimize the folyrcsial 0. toe 5€501d degree

Wr:—‘l. mel,m= x?.-:-}-
+2(Zn.3— xm-2)2+
-+ 2.18[0.75xm_1+

+03(Z,;— a2

the correspcnding farasula (us 20 any cf thke stepsypitches) will
be again converted ccncave-u.. udu: taii time gaximum will be reached
not oa the left, but ¢n tne .ijuv vorder of section (Fig. 9.3).
Actually/really, assupity/seetiay f,,=9 we will cttain

W 2wt om=2L0 34+ 2.18(0.32_3) = 22025 3.

but vaen . .-z |

Wt metm =234 2.18(0.75Zm_3) = 2.232% _.
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A > -
] g ™ 7 Zay ™
Fig. ). 2. F13. 9. 3.
Page 10,

Consa juantly, conditicrnal oyelauu controL at (m-2Z)~-th step/pitch will
bs Xw-2(Zm-3)=~Zm-a-

i.e., on this step/pitch opt.asuw concril lies in the fact that all
available resources tc fdck .Otu wiauaca I. In this case wa will

obtaia the conditional zaxiaus inccme

”

W2 mei,m(Zn-3) = 2.2323 3.
[t is obvious, in all ruli¢wany S:ayes the maximum will be
alvays reached as in Fig. Y3, at the siynt erdslead of the segment.

Actually/really, for i<g~2 runctava W/ ,,;,..m will taka the foram

‘vl‘:lvh....'ﬂ:

= tf—f— 2(Zi-1 ~—,t‘):+C[0.75X,' -+ 0,3 (zl—l - xl)lz'
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vhere coefficient C will pe wo:we toan <.18, since it with each
step/pitch cnly increzses. iaewCeiwie optamum ccnditioral control to
the vary first step/pitci (iuCius.vely) it will remain
X(Ziy=2Zi.1 (U=m—2, m—3. ...
and conditional maximur incowe iv. aiiL steps/ritches, begirning frem
the i-th, it will be
W’:.u\,....m(ZA-x)=Z?-x-'&-‘V:u,,,,,,..(O.?SZ,--x)-

thus, optimum centr¢l 1o tfouwa: it lies ip the fact that at all
steps/pitches, except rext-tu-iasc aad lacter, to pack all resources
inte asranch I, and at twe iaviss/.aSc stepSypitches to pack all
resources into tranch I1. iLe. uo «ot2 chat this sclution 1s cktained
indep2ndently neither cf a auaver 0f sceps/pitches m ror of the

initial svpgly cf resovrces z,.

In order to visualize tue typge )L optimunr trajectory in the
ghase spaca, let us assiygn tue cuucraiti/spacificsactual value of a
aumbar of stegs/pitches a=> (gruauctioa process is planned/glided to

5 years).
Page 71.
Optisum trajectory is represenctea an Fig. 9.4. Cptimus contrcl

procasis Cf resourc2s CCIrS1s8To ui ou@ Lillovwing. Tc the first year all

rasources are packed irtc viuacs . aid are reduced to J0.75 24,. By the
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seconl year - into the same wsraacu [ tuey are reduced tc 0.56 2,
(thera is no redistribution of .esouccys, and therefora the second
compoaent/link of the seccnu stey/yitcn vanistes). Cn the third year
again all rescurces are packed .uco ta3 same tranch 1 and are reduced
to 0.42 Zge On the fctrtn jyeas ewe DIlicy varies: occurs the
redis:zribution cf resovrces (iucisned crajectcry phase), they all are
packed into branch Il acd ale seuuced o0 0.13 Z4o. On the latter, the
fifth, to year again all resvurceo are packed intc kranch II; their
remainder/residue at tte enad Of tae Ciita year (and entirs period)
will Je equal tc 0.04 24, Luciby ouals distritution c¢f resources in
the five-year plan will pe cutd.ued che a@aximum inccme, egual to

W =12,272,
Cf this example optimum coutecCci cunsisced of at each step/pitch
rackiag cf all resources @itudl iut0O Oae or intc ancther branch.
Always whether this will be chus? now 4e will ascertain that not

always. For this change the .cra or tas function f£(x) and g (y).

2xample 2. Is Flannedsy.1aéa the activity cf two branches of
production with the I and ii paaiwa tO 5 years (a=5). The "functions
of thi expenditure of resouicas® e (X) =J.75x ard ¥(M=03y the same as
in tha previous examrle, but the “runction cf tke inccame"™ of f(X) and

g(y) Jf the replacement oy O¢heis:

Jl=1l—en gp=1—e?
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a2z,

03z,

J'i"L
4 0632, 0562, 1752, 2, *

Fig. J.4.
Kay: (1). Redistributicn.
Page 72.

It is necessary to distriputes tue avalilapnie rescurcesylifetimes in

size/limensicn ¢f Zy=2 Latwadsa wiakcaas [ ané II cver the years.

jolution. In the rreviuus eXaWpsad, 10 CCrLDecticn with the very
simpl2 fcrm of the functica € (x; and J(y)s the soluticn was given in
the analytical fcrm; in th.s eéxauwpie to construct tte analytical
solution is difficult, and we <ii. sSolve prchlem numerically. The
reeting in the task furcticioul uegyeniaaces we will raepresent with the
help »f the graphs. let at tus wwjinaliag Oof the fifth year a quantity

cf rasources be equal 7,. ih Ciues tO L£ind ccnditioral cptimun
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control cn the fifth step/paicCn x*¥5(d4) s it is necassary for each 2,
to fiad the maximum of tne fulceidel
W= W] —ehp | — e-212- 1) —
=2 —[e~Frfe~Z-1I] (9.6)
4dith chat fixed/recorded Z, t0is o5 - tha functibn cf argument xg,
convax upwards (Fige. 9.%). [u@ waxiaum ot this functican (depending on
valua of 2,) can be reached ecicawe Witain segument (0, 2,) (as shown

in Fij. 9.5a), or at his ler. gnu/agad (Fig. 9.5 b).

In order to find this au siwuw, i8T us differentiate expression
{9.6) on xs. If derivative becCidas 2300 at cortain point within the
segmeat (0, 2,), then at tnis pcaul Ceacaes saxiaum W; if outside -

raximum reaches at xg=C.
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1“5 s

.

:) : b/)

Page 73.

Jifferentiating (S.6) we aave

ow, . e D = UL 1) —
Tl =t~ 2 =0. 19.7)
At this stegp/pitch equacivu (¥.7) to us still it is possible to
solva in the literal fcrim; a. rucbaer steps/pitches analcgous

problams we will solve pumeiicadk;. #rom (9.7) wa have

—xy=W2 27,42 x=25202 gy

2rom expressicn (Y9.8) ic £ci.Ows that at Zy>lnz/2~~0. 347 the

BAXidiD reacnes within the seqment (0, z.,), of #Hhe point

. 2Z,—1In2
K(Z)="=5"2, (2.9)
w“nen z, /____“;2 ~ 1.347 maxinun reaches at the left end of the semment:
(Z)=0

Thus, ccniitional cptimun contrcl on the £1f<h step /oitch 13
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0 npw Z,/,E.zi.
xi(Z)=1% i9.10)
07z g e

Ray: (1). with.

Let us find ccnditionas maxswum racome ip the fifth year. It is
equal to

. vf-. - -Al". 4 ]
wizy=2—{e 5@ g as@l) 9

or, substituting (9.10) in (».11,,

{0

| — -2 npu Zy L —5
Wi(Zy) = 2 [0 (9.12)
! Ay 2 in2
} 2— 17 V'2e 3 npu  Z, > “, .

Keys: (1). with,

S5ince for us it is necew.saiy waay times tc computa value W*g, it

vill ve convenient t¢ ccasczuct .S 4yrCaph depending on Z, (Fige. 9.6).

Page 74.

On th3: same graph (but cn otuexi scalid) lat us depict the dependence

cf coaditional optimum ccatrul av tha fifth step/gitch x*5 cn Z,.

With the construction of taése tev yYrcaphs are finisbed our all
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mattecs, connected with tne .irta stap/pitch. Subsequently,
optimizing contrecl at tta rourrus atey/pitch, we will cnly entar into

thes2 graphs with different values Oof Z,.

de pass to the fouvrth seep/patca. Toad task of its conditicnal
optimization we will sclve bumeiiscally, peing assigned the series/row
cf values Z3 (supply cf the .escu.ces, warch remained after tte third
step/sitck). In crder rct to Raxe eXZass work, let us explain, within
vhat liaits can bte founc 2;. lLee ud £2ad the largast cf possilkle of

vali13s 23. It will te achievea/isachsd, if at the first three

_———

steps/pitches all resotrces «sii. we Lavedded in tramch I; in this

casa che supply ¢f rescurces atces. tac3e years will be egual to
Zy max = 2o - 0.757==0.844.

The saallest suprly ¢f resou.ces <orrwewsponds tc tae case when all

rasources at three first ste,s/,itchas are ickteddad in tranch II:

ZJ min = zo 0.3 = 0.054.
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Paga 75.

rhus, all pcssitle vaildes &y ara inciuded in the secticn froa
0.056¢ to C.8uU. Let US asSsSlyw 4iu ohls secticn refarence values of Zy:
Zy;=0.1; 0.2, 0.3; 0.4; 0.5; 0.6; 0,7; 0.8 (9.13)
and for each of thea let us .iau ooediztional cptimum control ¢n the
4th scep/pitch x*,(23) and cunuit.chal maximus incore at two
lattac/last steps/ritcles W*,.5( «3). For this let us ccnstruct the

seria; of the curves, whicn .épiesed. prize W, s at two latter/last

steps/pitches (during acry ccutics oD tae fourth and with the cptimunm

- on the fifth): ]
Wr_s == 10, (Z:). X4) +

+ W5(0.75x,+
+ 0.3(Zs— x0)),
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whera2

W, (25 %)=
=2 —[e=F 4 e=UZ-ri|,
and 4*g we find through the ,rcaga/cucrva Pig. 9.6, input into it with
arquaant Z,=0.75%x4,+0.3{Z3-x4 » diuw curves of dependence W s cn x,
(with the given one Z,) are .epleschted in Fig. 9.7. For each of
} thesa curves let us finé foiut wata cvne daximum ordinate and will
| mark oy its small circle. The Oiusnacae of this point for that
corr2sponding tc the curve 4, 1s coniitional gaxiaum prize at two
lattar/last stacs/pitcles w;;(Z;). auud dwsciSsa - conditional optimun
control x*,(Zs3). After deterwinik, tasse values for each value froa
(9. 13), let us construct tae jcapus/diajrams of dependences w, .z, and

.t:(ZJ) (Pig. 90 8) -
3y the ccnstructicn or cbwse tWo cCurves we firished our

calculations with twc latter, last staps/pitches: all information

about them is already ircluded 1u of teo curves of Fig. 9.8.
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Page 76.

de pass to the third stesy/.aech., The Tegion of tha possible
valuas Z, lies/rests Lbetuween Zeu.s2=),.18 and z¢(.752=1,12, We ar~
assigaed in tbhis interval oy tune series/rov of reference values Z,:
Z,=0.3; 0.5; 0.7, 0.9; 1.1
and for each of these values iet us compute irccme cn the third

step/yitch degrending c¢r cenctacli x; ac this steps/pitch according to

the Eanula
Wy (23 %) =12—[e~ N Jme=¥Zi-nl],




DOC = 80151504 PAGE /4E

Then let us adjoin tc it tne di.wauy optimized income at fourth and
fifth steps/pitches W (7). wauilcn we ¥vilil determine cn the gragh/curve
Pig. 4.8, antering it vita tue vaiue

Z,=0.75x, 4+ 0.3(Z; — xy).
and w3 will ottain the value

W5 s = 03 (72 %3) + W3 5(0.7560 4 0.3 (7 — v,

for wnich let us again ccastidct .ne jyraphs/diagrams of dependence cn
x3 wich that fixed/reccraea 2, (Fay. J.3). Fcr each of these curves
let u3 again find the saximuw (iu tha Zigure it is noted by small
circls) and after this wili ccuscauce caa derendance cf tne
condicional optimum ccptici ot tae tnild step/pitch x*; and of the

corrasponding tc conditica waximuw 1lucome at thrae latter/last

steps/pitchas a*3.,.c €0 2, (Flye %.1U),




N
l

tace /74

D0C = 80151504

a7 ns

Fig. J.3.




DOC = 30151504 FAGE /€2

rage 77.
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Fige. J.3. Fig. 9. 10.
Page 78,

Analogously is sclvéa tud ivewlea Of the ccnditicaal

optimization of the seccnd sidp/patcn: are varied values 2, from

200.320.6 to 200.75=1.%:
Z,=0.6: 09; 1.2 1.5.

Incoms at the seccnd step/piacu wasl Da

'W:(Z,. X,) == 2 (e~ 4 =22\~ .
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To it is ad joined the ccnditiCuas waxiaum inccme W*3.,.5 on the
qraph/curve FPig. 9.10 with <ud suput

7, =0.75x,+ 0.3(Z, — x,)
it is cbtained value Ww',,s «0. eaiCa again tley are canstructed
graphs (Pig. 9.11). Cn €acn vu.ve 15 located the maxizum and are

constructed two curves: x%,(2 ., aud d%;.3.4.5(2,) (Fig. 9.12).

Lt remained to plam Cue ti.st stap/pitch. This - already uore
ei1sy prcblem, since value <3, wita wnich we tegin this step/pitch, it
i3 accurataly kncwn (24=2) Gud 4+ wUs3T Dot be varied. Therefore for
the first step/pitch is ccusceructeu Jaly one curve dependence W'i;.45
cn xq (Pig. 9.13), wtere

W L= W (2. X)) =+ 'x":. 3.4, 5(2!) =
=2 —={e e T L W s (2

and litter/last tera is loCac&u tuiougya the gragphscurva Pig. 9.12

with Z,=0.75¢,+03(Z,— x)

vhera Z°=2-

Jetermining in the uni,ue cuive Of Frg. 9.13 maxiaum, we find
{ac longer conditional) cptiwuw coutioi on the first step/pitch

x¢,=1,6 and correspcrdiry wasiwsus .ncome in all five yaars

W' =W, 5=4.35.
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z;(z)

Wyes(2)

¢

a7 75 7 R T a7 47 03 Q% 45 a5 47 24 a9 17 11 12 1 1% 05
Pig. J.11. Pigs 9. 12.
Fage 30.

After this, as alvays .u tae wecadd of dynasic programaing, it
is necessary to ccnstruct ccufpscte optimum ccrtrcl
X =(x] 0y xGoxG X)),

goin7 in the oppcsite directu.ca: z.om tna first step/pitch toward the

fifth.
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{nowing optimum CCrTrus Cu cue LiiSt step/pitch
_:; = 1.60.
ve fiad the correspcrding wu 1¢ supypiy Or rescurces tovard the end of
the first steg/pitch:
Zy=0.75x] +023 (Zy— \:) =1.32.
Entering with this value oz Z, iute jrapn x*, (2) (see Pig., 9.12), we
find Jsptimum control ¢r the oécitad Step/pitch:
=102
The r3mainder/residue cf resvuices tovard the end cf the seccnd
stap/pitch will te
Zy==0.75x; 4+ 0.3 (Z] — x;) = 0.86.
#ith chis valua ¢f Z, we @ater auiv jraph x*;{Z,) (cm Pig. 9.10) and
find optirum control ¢n the .0iid stap/pitch:
x; =0.62.
The ramainder/residue ¢f resvuwices after the third step/pitch will be
2#%3=0.75x%3¢0,.3 (Z%,-x*3)=0uo54, [us.vugjh tha graphycurve Fig. S.8 wve
find optinum contrcl ¢n the .ousca stap/prtch
x;=0.30.
After the fourth stap/titcs cane Jewaindar/residue is equal tc
2 =075 e +0.3(2; —x,)==0.30.
With chis value of 2, ¥e eutuI iucv JLiph x*4(Z,) (see Fij. 9.6) and

£ind >ptimum control cn the .decwa/lasc step/pitch

*
Xy = 0.
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Fage 31.

Thus, fplanning/gliding cCucess L5 coapleted. I=s found the
cptimum ccntrcl, which iadicates, ncW wany rescurces frcm the
available supply Zg=2 it is u€Cessaly to pack into tranch I cver the
years:

X* = (1.60; 1,02; 0.62; 0.30: 0).

Yaking into account tnai tae suppiles of the rescurces Lefore

taginaing each year are xnowa:
Zo=2 2, =132 2,=086; Z;=054 75 =020
v2 automatically cbtain guaacilt.es Of Cesources, packed over the

years intc branch I1:

vi=2Z,— x, =040 vy =17 — x3==0.30;
= Zy—x;=10.24; w=12;— ;=024
ys= 23— x4 ==0.30.

Thus, it is possible tc¢ turuusate the fcllcving recommendations
ragar iing the optimus diswrisutictu of rCesources. Frcam the available
in the beginning period of tue suppiy v resources Z4=2 and remaining
resources at the end ot eacan yeai it .5 necessary tc pack over the

years in tranch the I ard il tosuivwing suams:
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Ton | 1 | 24 | 3& | 4 ’ 5-ii
b 180 | 102 | 02| 030 | o
i fo40 | 030 | 024 024 | 030

during this planning/jiediuy will pe obtained maximal return in
S years, the equal tc
W1 2.3 45==135.
Ramainder/residue of resocurces at ths ead of the pericd will te equal
to
0.3.0.30 =10.09.

Pig. J.14 depicts tihe o tiaua trajactory in the phase srace,
which corresgcnds to this uastTiawutTiOon of rescurces. Point S¢, on the
hypotanuse of triargle 20B fopressits tae optimum initial
distribution of resources wi.a oie ShaCp predccinance ¢c the side of
branch I. The first ccsgcneut/i.inx Of oroscen line corrasponds to the

expendi4ture of rescurces iu .ne L.iSt year.
Paga 432.

The following components/liLas ale jolued they pair-wise and
rapresent redistributicr and ex euaitucs of rescurces on the :nd,
3rd, 4th and Sth years. Lattel/.aat couponents/link lies/rests on axis
Cy; this means that on the 5ta ;eai 0f producticm precass all
reasources are packed irtc braaca Tl. PoiLt S, Iepresents the

remainder/residue of resources «*;=0.J9, shich is obtained during the

cptiamum flanning/gliding.
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§ 10, Modificaticns ¢f tke tusk awout tae distributicn of

rasources/lifetines.

the examined in twc previcus paragraphs task about tae
distribution c¢f rescurces/ii.dviles hds many modifications. Scme of
them comparatively differ licctae ziCd tue Simplest task, examinad
into § 8; others so difter ric¢m it in their verktal/literary setting,
vhich is sometimes difficuit to d.scovar in them Jeneral/ccmmon/total
features. In this paracrags «21a .u tuosa tollcwing (§§ 11.12) we will

consiler the series/row of tud Ve.sidns of similar tasks.

a. Distribution ¢f resouiCess.il atimas in hataroganeous stages.
In tha task § 8 stages (stepsspizcues) decre "cniforr™ in the sense
that resources x and y, imcL€udeu sespectively in branch I and II, in
any scage gave cne and the sSade .iucomd abd were raduced in an

identical way independert or the uumper cf stage.
Page 33.

Fhe natural generalizat.ca v. tais simplest task is the case
when income and loss,/dejreciaticn ¢f Lssources in different stages
are dissisilar: resources x, 4, suwveldeu an branch I and II, give on

the i-th income /i(%). ¢,(y) auu tney ar3 ceuuced tc »(x) <x. $,(y) <y.
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dow can arise this heteirojeusity? 3y differeat methods. For
exaaple, profitablaness can uapeuu O0 che ccamcn level cf the
development of producticn, acnieveu/C@ached tc the defined period; or
the conditicn of groductica (as, set us say, in the agriculture) they

can 4apend on season.

For the solution ¢f thue frLcwasM Or distributing the
tasoucrces/lifetines bty tte metacu of dynamic grogramming this
circuastance - unifcreity ¢i aete.cJyanarty stage- is cospletely
uness3antial. Since the [rcvica ¢z tha optimization of contrcl
nevertheless is sclved in stayes, it 15 completely uniaportant, are
identical functicns f(x). gi(y)h (). % (¥) in the different stages or they

are different.

rhe overall diagram oI .ne suvalcidon 1s reducad tc the
consecutive usesapplicatica o tae foliowing fcrmulas fcr the

conditional optimum inccme i. seveial latter/last stagas:
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W) =o< maxz {fm(xm)+gm(z"'-'-x"');;

fmS<lmoy

W;l-l.m(zm—2)= max lfm—l('rm-l)-{-

0Cry &2,
+ Em-1 (ZM-Z - xm-l) + W:n (vm—l (xru—l) + l
+ 'pm—l (zm—'.’ = Xy |) )’ ,

Wi m (ZI—I)=°<-::12§1—| [filx)+2(Z, . — <)+

F W (P D0 (2 =) )

.........................

with the incidental deficrairivn ci tha conditicnal optimum controls:
x (Z,_ ) X0 (Zo D x(Z,).

ther this, as always, is cousciucteli optaimum ccntrol, begyinning frcea

the first stage and ending w.ta tue laciel. In this ccastruction of

thera is no difference witu che cCase ot unifcrm stages.
Page 34,

3. Task about redundauc, or fesducces/lifetiaes. Task is placed
as follows. There is ¢nly cbe oianch of production and certain suprply
cf resources 2,, which cap ue pacaed 1ato the rroduction not wholly,
but partially be reserved. Beiny iu Cthe production in the i1 stage, a
quantity of resources x 1aveddeu yivas .aocome f,(x) and and it is
reduced to s (x)<x. It is neCe&sas; td Tationally distrikuce the
available and remaininc resoufces .n & stages in order to beconme

paxisum aggregate prcfit i,
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It is not difficult to aSceeeald cnat this task is raduced to
previous. Actually/really, tud .eSeLVE€d LeScCLICes can be considered
"imb3ddad™ in certain fictit.ous “secoaad aranch® of producticn, in
which the resources are act e« fpcuued, vut alsc taey dc not give *he
incecaa:

=0, =y (i=1,2.....m.
Takinj into account this ccnultsue prtovlea is sclved in exactly the

sam® ¢ay just as the task cI dusciabutiug the resources/lifetines.

Tha trajectcry c¢f jcint 3, susCa lepresents the state of systen
in tha phase space, will tuke tow LOC@, iepresentad in Figy., 10.1. The
sections c¢f the "redistripbut.cu vui r3svurces" will te, as befcre they
are parallel toc line AB, wani.@ .ue Siciacas c¢f the "ccnsumpticn of
rasources"™ - are parallel to tiue aais J>f abscissas ané are directed
to tha left. The latter,/last cougvuent/link of troken line will
always lie/rest on the axis viI awsCissis, since further redundancy of

rasocurces a sense does rct ne Ve.

Let us consider a speciul cuse L tane task about the radundancy

vhen in all stages

20x)=1).

i.e. che imbedded resorrces ale wi@idsi/cOonsumed by pillar. Then the
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task Jf the redundancy ¢f LeacCulices 15 rceduced ta finding of the

taximum cf the fcllowir¢ fudctacu w Of argusernts:

W = )‘,‘ JACHN (10
=2
whera x. x,. .... ¥, lisited vy tue ccndicions
Nox, <L 7 (10.2)

X, 0. (10.3)




7
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N\
o \
3:‘.”r' \ =4

Fig, 10.1.
Fage 4d5.

If we income f,(v) (as this iujucCai assume) is the ncndacreasing
functicn c¢f the irtedded resvulfces X, cnen the sign of equality in
formula (10.2) can be rejected/taiouva, since under these conditions
to expend/consume not all LexOuLCes, bdt only their part is

disadvantageous.
The trajectcory c¢f point 5 iu th2 paase space will appear, as
shown in Fige 10.2 - €ach ac.lizZeutal secticn reaches the axis of

crdinates.

Let us do scme cLservat.ohs awout tae nmethcd cf the solution of

probl im. Above ve sav tkat suid Was reduced to the aetermination of

e o
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the maximum of functicr (W.1). +v Can seem that thereby the task is
simplified, according tc tui,s iuwpeesSsicoa 1lluscry. Indeed generally
the task cf finding the zaxiwua 0L tad functicn of many arguments is
rot an easy one. lLet us reca.l (sve 3 1) that any task ¢f ogtimunm
control is always r2duced to fuwdsisg taa maximuez (miniaum) of the
function cf many arguments, add preCisaly in crder tc avoid the
connacted arguments, an¢ previlsesy in Jdrder tc avoid connected with
this difficulties, we resort tv tae aecaod cf dynamic prograrming.
After giving here foramula (16.1) +e did not intend tc facilitate the
task of dynamic fgrogrammsiny, ditel CLaducaing it to the task of the
deterainaticn of the maximus ¢i Luuccion (10.1). On the contrary, fer
the solution of the prckilem vt tuae datarminaticn of th2 maxioum
(siniaum) of function cf type (10.1) wita conditions (10.2) and

{10.3) (wherever this task nut .t aTOsd), can fprove tc ke acst
adequate/approaching precise.y toe Batuod of dyramic prcgramming. By
the use/agpplicaticn cf this wataou in cnis case we Lring the
rultidimensional task cf fiauluy cae@ aaximua c¢cf the functicn cf many
variaosla/alternatirg tc the .Lepcated datacmination cf the maximum of
the functicn of cne variabiesasteinatiag, vhich is considerably

ceasiar.
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2y’
| AN
.‘ \\\\
7'0'1 L"g \a
J| z =
Fige. 10.2.
Page 36.

Let us note, however, tua. S.ue s.apiest cases of tha task of
the radundancy of rescrrces aduwat wlausntary scluticn, also, without
the use/application c¢f a met.ou oi dyasaic pregramming. To thenm
telon ys, for exaample, simpiest case <4a3n the "function c¢f inccame™ in
all stages is one ané tte saua:

fixy=fr(x)= ... = fa(0)=f(x).
aoreover resourcses in €ach scaye a.e aspended, ccnsumed completely:
() =2(c)= ... =9, (x)=0.
it is possible to demcrstrate thac if Zuacticr f(x} -~ Euncticn
tonotonically increasirg aunad 1s ccuvax upward (Fig. 10.3), then the
raxinum of expressicn (10.1) <igacass, J4adn rasources ere divided into

€ Jjual parts Letween all stayes:
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c. Task about thke distr.butavu Jf the resourcess/lifatimes
tetwean several (mcre ttan u, two) braacnes. The task about the
distribution ¢f resourceés/iicéciuwes 1lioWs/assuras genaralization tc
the cas2 when rescurces are 4ylslaasuUtad ROt between two, out tetween
k tranches:

LU ..., (k)
moreover for each (j-th) brdauca tuey ace preset: the "functicn of
inccaa®

S0 (x),
exprassing the inccme, giveua 0y a gquin:ity cf resources x, imtedded
in tha j=-th tranch at tte 1 ote,/p.atch, and tlte "furcticn of
expenditure”
2 () < ().

showing, to which value ueCtedses a Juantity cf rescurces x, iabedded

in tha j-th branch at tite . osta,/p.tch.
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r(z)

ol z

Fig. 10.3.
Page 37.

Let us ccnstruct fc¢r ro.sS cask pndase Space. In the case cf
distribnting the rescurces accuruiiiy to t¥C branches such phase space
was triangle A0OB (see Fig. ve 1, 0oz, 2CC.) . FCcr the case of several
brancaes it is pessitle as tue gsase spaca to ccnsider the
pultilimensional generalizat.cu o0& tfidnyle (which is ccnventiocnally
designated as "siaplex"), uaweiy tae puiant set cf k- graduated space,

which satisfy the corditicus:

E x(i’ <Zo; x(/)>0
J

(10.4)
(=1L 1L .... (&).)

In the case of the space 0f .aiwe weisurements (which corresgcnds to
the distributicn of rescurces accusding to three branches) sisplex

will cake the form of tetrahedcou aBlO (Fig. 10.4)whose three
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edges/fins, that converce .u tus wejyilnuing cf ccordinates, are equal
to Zy. The process of distrisut.iuy the Cesocurces, as in the
tvo-dimansional case, it can te uivii:i into the cosmpcnents/links,
vhich correspond tc the "rmguosilawutlido of resources™ and to the
"expeaditure of rescurces®, wcicCver Oa tae first ccmponents/links
point S moves cn the rlame,  dfdiscl A3C, and cr the second it moves,

receling from plane ABC 1into tae depcn or simrlex.

po
J

!

'a
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§ 11. Task about the distrisutivu of rasources/lifetimes with the

enclosure of inccmes intc tae picuuction.

Jntil now, in all tas«s exawiued avout the distribution c¢f
rasourcas/lifetimes we examiued tTue "liacome”, yialded by prcduction,
ccmplately independent ¢t Tae uascilouted ktasic means (it even could
be expressed in cther unit;, fo. exam,.& iescurcass/lifetimaes - in the

man-hours, and inccme - 1n tud Luw.a@s of in the meters of fatric).
Fage 88,

In this paragraph we wi.l cousilar tnat case when income can (in
f11l or in part) be racked i.ctu vae priducticr togather with the
tasic means. For this it goes wizucut saying the inccme and Lkasic

means must be given tc cne eyuivaicnt (Lor example, to the money).

Depending on situation cnis task can be placed differently, with
the iifferent critaria W. Per @xaup las, 1t is pcssible tc pack into
the production entire inccwe or izs oniy certain of fraction/portion.
It is possible tc seek sucn <¢caiius wnich ensures maximum total net
incoms from m stages, It ib.‘Obs;n;e to seek such ccntrcl which
convarts into the maximums tae Totas sua of resoctrcas (switching on

inccma and preserved Ltasic wsdus) af:ier o stages. Ara possitble cther
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formilations of the prctlem. rote <€ will show the diajram of the
sclution by the method ¢f tnus 3 ;uawic proyrameing of several siazplest

tasks of such type.

a. Let us consider case Wael iNcoae 1s packed into production
complately, morecver is gaxiwilsea sum Of all means (tasic meanps plus

iacem3) after m stage.

In this case criterion W is tue sum >f all rescurces, which were
cresarvad in btoth trancles a.te. tue ® stage, rlus the income, given

ty both tranches in this staye.

The critericn w ir guesciin .o i special casa2 of the additive
crit2cion: it entire is acyu.Isu .4 Tue last staye, i.s., W=w, and

in all fprevicts stages its 1lucCrLé€ases @ are egual tc zero.

3ince all resources (anu ckLe .@Bailder/residue c¢f tases, and
inccma) are packed intc the .rtouuction and are ccnsidered in
critecrion W on the equal LaseS/iLaseS, theh to us to unnecessarily
tare ouild-in separately tae “fuactions of inccma" [ (X). ¢\) and the
"functions of expenditura™ : v “vi. and is sufficient tc intrcduce
two finctions

Foo. G, SURE

showing, hcw many resources (ILedaiudar/residue cf pasas pius income)
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43 will have at the end of tud . >caje, after putting in the
taginaing of this stade a juaot.t; Of resources x intc the first
trancn and u the seccndly. Lot us uaae fuacticns /(i Gy -the
"functions ¢f a change in tne IeswUursss*” in the i stage. Let us note
that is possible any cf tne .e€iaticnships/ratios:

Fanegr Fauozsy Fxy> v

(it is analogous for  (y)).
Page 39.

let us considar tte paasd space, shich ccrrasponds to this task
{Pig. 11.1)., Such space€é wiii 0e¢ uv lonjer triangle AOB (as in the
tasks without the enclcsure vf .acowmss),, out entire first quadrant
xQy (resources can nct cnly ue <euucad, but alsc increase).
Trajectiry as before ccasists o1 tane saries/rcw of ccmpcnents/links:
to each stage (excapt tlte fiust; corresponds the pair of the
components/links: the firsc - “.auaiscributicn of resources", when
point S is moved in parallel AB; cwu@ s3cond - "expenditure and the
acquisition of rescurces", auliay which point S car move in any
direction. In ccntrast tC ais p.aviOus exaldples, here obtaining the
"finpal income" of W is ccLuecteu wuly ¢ith cne, latter itself,

comgoaent/link m,, wvhick iu Fig. 11.1 .s isclated with heavy arrow.

In this case the value uf ci.teridn 4 is directly evident on the
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drawving - this is the stm or ausc.ssSa and ordinate cf pcint S
corrasponding to final stacw sSystew. Tuus, the task of optimum
control can be formulated s$c: te selact tnis trajectory of pcint in
the pnase space in ordeér to ueuuce ic as a result of the a step/pitch
for scraight line .\, B pafalies aB aad distent behini the crigin of
coordinates so far, as :sccn aS Thes 41ll De pcssibly. The value of
criterion W is rerresented as ctue sejaent, intercepteds/detacted for
cach o0f the axes of straigac diae 1.3

RO ey

Let us ccenstruct tle dia yram of tae soluticn of this prctlem by

the method of dynamic frc¢grawsiuy without the ccmprehensive
varbal/literary explanations, s.Lce -a3 eatity of method is
snfficiently clear fr¢m prev.ous. wucliayg functicen rix). U ty) thus far

wa will superimpose pC lizitatichse
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1. We fix/record issua (a-l;~-ih scep/pitch (preserved resource
rlus inccme) 7, . Ccnditicnas Optiwud control ¥, (4..) =~ that with
ahich will be maximup a tota. juaurity of rescurcas (tasic means of

plus return), after thte @ Steg/;itch
W Zpt) =2 (Z ) (11.2)
But, taking into acccunt foiwuias (11.1), it is possitle to write
Wn (Zm—l) = Fm (X,,,)+ G,,, (z,,,_l —_— xm)'

conditional optimuer ccnero. wu @ step/pitch x;(lmzﬂ will be

lccatad frcam conditicn

W (Zn-0)=  max (Fa(Xm) 4G (Z ey —x )] (11.3)

0€r,<Z, _,
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2. We fix/record issue (w-<4) -tn step/pitch Z,-»» Cenditional

cptimum centrol <, (£._2) is .ouwu zrd>@ tha ccrdition

W alZmt) = max (Wi (Fa-t(xm-0+
) \’(Xm_l<z,"_1
4 G (Zpz—%p-0)) (114

and sJ» forth.

3. We fix/record Z,-, Comaitivial Jptimum centrel «i(Z,.) is

foundl frca the ccnditica

Wi, . ml(Zi)==
= max {W:u....,m(Fl(-‘z)'i'Gl(zz-l—xt))’ (11.5)

g
RN

and so forth.

4. Optimum ccntrcl at rtorsc step/picch x*;, and maximum value cf

priza W are found frcs® ccodiviow
'sb'":\l"," 3., m = nax {W;....,m(Fl(-\'l)‘f‘Gl(zn‘x\))i'

Ngx; 5

5. Issue of the first s.ay/patcn during the cptimum ccntrol:
Z=F (x) + G (Zy— x)).

optiasum control at the sdccnu stap/pitch:

=X

Issue of the seconé ste./p.tew <icn the cptimum of the ccntrols:
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20 = F () 0,4 — x)

“n

and so forth to tha lattar/ias: step/pstca.
Page 31,

Is such the diagras ¢ cae sveucidn Of proklem by the method of
dynamic programming witlt any furm of toe functicn of a change in
rasourcas F,(x). G,(y). Hceever, 1ir we O0 cshese functions superimgose
some (very natural) lisitatiuns, «ais diagyraam can be highly

simglified.

Let us assume that alli .uuciicns
F (x). G(y (i=1 ... m
are tae nondecreasing functivas o. taelr arquments (i.a. that with an
increase in the quantity or .moeudued fasources the sum cf inccme and

remaining resources toward tue cud Of the stage it cannct decrease).

Let us show that upder these coaditions the maxisum prize at the
lattar/last step/pitch is noudecreasiny rancticn from the issue of

ecach s3tep/pitch (sum of rascurces 1in its end/lead).

Let us consider maxiamum prize ¥aea the sum cf resources

(remainder/residue plus inccu@ ac the ead (i-1) -th stage is equal
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to Z,.;- Ssince prize is acyuized (iua; oA tne latters/last stage, the
naverthaless, to exarire thnio pliee CLOC eatire rrocess, either only
for tne latter/last stage, On LuL all stajes, reginning from the
i-th., Let us salact tite latterl: we wili @xamine maximsua prize for all
stages, beginning frecm the i1-ta as fuaction frem Z,.«+ designating it,
as aldJays

W:. taty..., m(Zi-1)-
Lot us denonstrate that this fuuceaou 20t decreasing. Proof we will
conduct by full/tctal/ccagie€ce .uuuction, but nct frcm i to (4 !. as
this is done usually, tut c¢cn tne <ventrary, frew i+l tc ¢ (in
accor jance with the "reverse" cuu.se of tae process cf dynaric

rrograasming).

Let us assume that taoe . Luveu propezty is correct for i+1, i.e.,

the fanction
Wiit, ... m (Z)

is tha nondecrzasing furctiou Vi .ts acguaent 7, (this it means: the
greatar the resources, switCuainy ¢a 1ncoms and Lasic means, it was
preservad to the issue ¢t tne 1 sStep/pitcn, the greater there will be
the inccme at the end). Let us ueswonstrate that then ty nondecreasing
functicn it will be an¢

Page J2.
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Actually/really, acccrding tov ickwula (11.5), w;i,,, . .(£.) is the

paxiaum of the expressicn

Wi (PG (2 =) (11.6)

Let us show that expressaioua (11.b) 1s ncordecreasing functiocn

/-1 then it will be it 1s c.e€ai caac as 1ts saximuas value

W miZi2y) with irncrease /.1 uecCaease canrct.
Let us fix scne value Z,.:. let for this value /.1 axpression
(11.6) reach maximum in v,. eydal TV wi‘ﬁuuqm(zuﬁ during the

specific controcl (distributica of resourcas) v, Let us give now to
valus /... certain pcsitive .dciease A, sas fcrmed certain surglus
cf resources, which we can u.striovute Detween tranches I and II,
after increasing a quantity oI iesocucrcas, isbedded either in cmne or
in another branch, or irto tuac aua 310otaer irmediately. Since
function F,(x), G, (y) nct decCreasiuy, tne from this "addition" cf
resourcas each of the ccafonesnts/teras/addends under the sign of
function (11.€) can crly 0 .NCiwasel; 1t means, and their sum can

¢cnly be increased, but rcct Sudje s lLass.

dhat in this case wall ba wath fuuction (11.6)? According to
assunption these are - tunct.co is; Lt means, and with increase /7, _:

it te raduced cannct. Thus, ¢Taus.iion £rom i¢1 to i is proved.
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Let us show now that cousc gicperty is ccrrect fcr i+l=m, i.e,,
for the latter/last step/pit.on. luis i3 grover very simply. Prize at
the latter/last step/pitch Juiiuy the optimum ccntrcl is thke maximunm

of tha expressicn

/",,\.\ ) —f"’.n(znc—\ — N

and, aaturally, to eat noadeclaas«ug Zuncticn frem 7.1 (this
recenctly it was shown fcr an, vdiue 3£ i, and also, therefore, for
i=m). Thus, W,(7.-1) is ncndecCLedasiuy Efuncticn /.-1. and means,
according to the princigple c. Irus.s/tdotaly/cospleta induction, and any

cf tha prizes W i) - acauecreasiag functicr, QED.
Page 3J3.

Prom that proved escapée,dusue Valy; simple raccammendaticns
ragarding the optimum ccntro.. acwually/really, if final prize v, is
ncndecreasing functicn from che tutal sum of resources, realized on
the issue of each step,jitca, cuew Optimum ccntrol lies in the fact
that on the issue of each steg/icvca andaividually tc cbtain the

paximum value of this stm Of TCJ3sS0uLCas.

This means that in this spdcial case the "interests" of
cperation as a whcle ccinCice #.zu tns "interests" cf eacia single
step/pitch. The raticnal fiauwdiiy/yliding of entire operaticn is

reduced to optimize each ste./pston 2adividvally, vwithout worrying
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about the others.

This special feattra/pe. uiiacity leads to the fact that the
procass of producing tte opt.muu control strcrgly is sisplified.
Actvally/really, greater tne.e us L0 anecessity to fix/recocd the
rasulcs cf sach pr3vious ste./psevi 3ua to draw entire chain/petwork
cf conditional ortimum ccotruls fao@m tad latter/last step/pitch
towarl the first. It is 0ss.0ie co airectly cptiamize step by step
from the baginning tcward tue wZu. AL the first step/pitch tc take
such control x,=x%*,, dcvriny #4bica 1s convarted into the maxiaum the
sum OL resources 2Z,:

2=, | 0+ 0= sl
cn th3 second - the cortrcs %,=x*%,, 1ucing which it is ccnverted into
raxiaam 2,3

Zi= max [Fy(x)+Gy(Zi— x))

()<.\'.Z<Zx

and so forth to the end, /l¢ad.

Thus, with nondecreasii, tuuutiJnS‘FJX\ G; (M stated by us
problam of the exterior c¢niy taaws tas torm of task of dynanmic

fregramming, and actually - Lt 15 wuca siapler it.

3imilar “degenerate" tasks vi tne dynasic grograaming where the

cptiamum ccntrol lies irn the iace vnac to optisize eack etaane,




v
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without worrying about the otheirs, freyuently they are encountered in
practice., If, without haviny Iocused actenticn cn this spacial
feature/peculiarity, tc scive taca navarcheless by the method of
dynamic programming, trke solutioviu it Jo3s without saying will he
obtained accurate, but will .equliec Bany tises more time, than it is

necessary.
Fage J4.

L.et us do one additiocna. ouwseiLvition. At first glance it can
seam that the surerimpcsed auriay tuaceicn F (x) G, (v) cecnditicn - so
that they would be nendiminisnoisiy - 15 sactisfied in all in practice
concaivabla cases, Hcwever, .t .s 05310la to give the practical
tasks, in which it is rct i1a ieuacutau. Let us ccnsider, for examgle,
the case, when cne cf tte "orancaes" ofL productican is storage of the
rarisaable goods (vegetables; oo .ue storage, This tranch yields cnly
the losses, ccnnected with tue iusses of gccds during thair storage.
L2t us Jesignate F(«x)<x tne vaiue Of commodities, which were being
stocked, at the end cf tbe !-ta scags, 1f in the teginning of stage
it was x. Always whether tais ruuctisa will be monotcrna? No, not
always. It is possible to Visudauise sucn situation when with the
overload of storage c¢f sc¢re thaa vercvain critical valu3z functicn F(x)
begins toc decrease (fcr axasgle, yue to Jdaterioraticn in storage

conditinns). In similar cases 15 ueCassary to sclve protlenm tte
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cverall diagram of dynagsic poOJyiawming as this was shown above.

0. Let us consider case waen into producticn as bafore is packed
«atira income, tut criterion « .s net iccome in m stace (preserved

tasic means are not cCcrsicdeled).

Lot te preset to tte "rwutct.iou 2f inccme" f(x). £,(y) and tc the

"function of expenditure® 9,(x). 4, (y) for each stage (%=1, «c., 0).

Let us show that it functica fa(%) €x(¥) - the "function cf
inccma" in the latterslast siaye - not decreasing, then task is
racuced to examined in j(cint /itew A, dameiy tc the maximizaticn of
total prize (remaining resou.ce ..us 1acome) aftecrward (m-1) =-th
stage, Actually/really, cCau.ticuai R2aximum prize at the latter/last

step/pitch will tLe

W Zao)= max  [fp(X)+8n(Znoi—x,)). (1L.7)
)

Ix 2y

[t is possiktle t¢ demchstlfate (analojously how it was dcre in
point/ites a) that furcticn Wa(Z--1) 1s the ncndecreasiny function of
its argqument, and its mariBuw Leawhk®s vnan Zn.-t it reaches its
saximum value. Thus, fcr the Jdetecminatica ¢f optimum ccntrol is
sufficient to solve task "a" tus iirst a-1 steps/pitches with the

functions of a change ino tne rescurcas
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Fi(x)=f,(x)+ 2,(x).
Gi(y)=8;(») =+ ¢, ()

and tnen to separately fina ogtiwua ccatrdl on the m steps/pitch, on

the basis of forgsula (11.7).
Fage 45.

If functions F (x). G(y) (¢=1!.....m—1) will also te acndecreasing,

then zask, as in the fpreceuiuy Case, 1t ¥41l]l frcve to te degeneratse.

[f functions [.(x) g,.(y) @Le uut Mendecreasing, them reducing to
task "a" beccres already i1mpvssluie a0d, 1S DEcessary tc rescrt to
*the overall diagram cf cynaweC pavyLCiaBiILyj. TC readeér one shculd as

the useful exercise sketch tuls uiagram.

c. Let us ccnsider case waea adDcOma, obtainad in each stage, is
packed into producticn rCt cuspiwtely, but fartially, mcreover is
maximized full/total/ccaplete ace incose in all stages glus

r2maiadar/residue of rescurces aio.olf @ stage,

[n this task, as ir tue OLuwaualy task the distributions cf

resoucrces/lifetimes, wust V€ fieset tOo tha "functicn of iacome"
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fix) gy U=12....m

and tne "function of expenuicuce®

p<Lx Ly (=12, ... m.
furthermore, must te piesec cu tns "functicn of enclosure"”
REKE (=1.....m—1),
thoss shcwing, what part or .ncowe i ootained in the i stage, is

pack3d into the prcductica cu cue z0llid>wing, (i+¢1) -th, stage.

As tha phase space let u s couslier nv lcnger first quadrant xCy
cf plane, but first cctant x0y: or tarse-dimensional spaca (Fig.
11.2) . Aleng the axas Cx ana GY as> bafore are plctted/deposited the
rasources, which are lccated in wianchas [ ané I1; alcng the axis O3
- totil inccme, yicelded Dy wutu D.adSusls. Regicn go of tha iritial
states of systen - as tefoie n;.vcenasa AB cf triangle AOB in plane
xOy. All stages, except the Eirsc, ace subdividad intc two
compoaents/links: on tle firot cougoneatysiick the rescurces
(pcesarved in both trapches _lus tue specific part cf the inccme of
the previcus stage) are reuistiiwuved p3tween tka branches; c¢n the
second comgonent/link cccurs tae expanditure cf rescurces and the
acquisiticn of income., F1'. 11,2 2uows two stages: the first consists

cnly of one comapcnent/link, tne second - of two.

Page J6.




pDoC = 80151505 EAGE Il]j

«et us considar values ¥ =7,(x)<t;y=%(v)<y, - the resources,
which ware preserved in trancnss cne I and II tcward the end first
stage® where x,, y, - cccrdinatas 9I point S, - tresourceas, imteddsed in
branca I and II during taoe f.rst sTaje@; 5 -==/,(y)- g, (y) = inccae,
brougat by both branches dur.ay Lue f1rst stage. Duriny the first
stage point S, which regreseunts tue state cf system, shifts frcm the
initial state S, - pcint ou aslue 4o 10 plane xOy with the cocrdinates
(Xgs Y30 0) - inteo pcirt K watn tae coordinates

X =q (x)< %,

n=h)<n

L=/ i)+ g ()
Then on the first compcnent/siumn vl second stage (2,) occurs the
enclosure of the part ¢t tue i1acouwe ada tne redistribution of the
resourcas between branctes . aca .i. Point S is moved again to plane
xOy iato point M with tke ccouruinates (xz, Y2, C), mOreover

ey, = x4 ¥+ R (3):
further again goes the €xfenuituie of resources and the acquisition

cf income (compcnent/link 2, , vael ag4air redistribution, etc.

Jur task - of deduciny poiic 5, walch regfresents the state of

systes, cn the plane

O

\+)v1'—a= P




-
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vith the highest possitle vaiuw vi picamecer C.

Let us sketch tle diayLau® o~ tha soluticn cf protlem by the

pethod of dynamic prograszin,.

Let us note first cf ai., tuat 1f is fixedsracorded issue (i-1)
-th stage, then for the foiluwidy (tas i-th) is essential only the

total sum of the redistributed sescurcses

Z =

i-1

‘ti—l '7- y.‘_x +RA—](£‘—I)'

and tnerefore despite thke tact tadt tad state cf system was
represented as pecint ir tne cbiee-aiaeasicnal space, we will vary the

valuas only of cne parameter /7, :.
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Fig. 11.2.

Fage 37.

"ccnatrol” on the i stace (Juot as in tae previously tasks of
listributing the ra3scurces/i.loi.iwus acanrned) will ccasist cf the
salection of value *: - quaniit,; ¢i resources, iabadded in branch I
in the 1 stage. Prize % for ebtile pProcess naturally is
dividad/marked off intc @ ¢r tae cumpoaents,sterns/addends:

W=w +w,4+ ... +w,_,+w, (1.9
vhers w, with i=1, 2, ..., 8-1 aie tae net income, not packed into
the production:

w=%5%—R(t)

and at the m stap/pitch - i1s due.so 0@c inccme from tle m step/pitch

tlus che remainder/residue o. ¢oe .ODadded resources:

w, =5 + < 4+,
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8tap by stefp cptimizativa we will conduct according to the

standard diagran.

1. We fix/record value Z,., (yresarvad rescurces plus packed
crart of income), which characte.ices 1ssue (p—~1) -th cf step/pitch.
Condicional optimum ccntroir *a(Z.-) >0 the m steps/pitch will te

locatad from the ccnditica

Wﬂ"<zm—|)= max {10,"] =]

0w, <20,y

= max [fm (xm) + Em (zm—l - xm) +

IJ(.rm < 2
+ Pm (xm) + ‘1""1 rZm-l - ’\.nx)' .

m-1

2. Let us fix issve or (w~-2) -tn of step 7, . In order tc find
conditional optimum ccntrcs va (uw=-1) -ch step xm-1(Zsa-2). necessary %o

maximiz3 with the given cne Zn-2 sum W..1.. Of the follcwing values:

1) the remaining (Rct .swbouusu Lo the prcducticn) income at

{m=1) =-th step
Wy = [y (X )+ G oney (Zpog = Xmy) —

—Rm-l(fm—l(-"m-l)‘*‘.fm—x(zw-? - -fm-li)i

2) prize at the latter/.ast step/pitch during the cptimun

contral

w.:'n (Zm-l) = w,:‘ll (QPm—l (xm—l) + l{':n—l (an-1 - xm- I) +
A+ R \ Ut (B )+ Gt (Zg oz — %))

Fage 98.
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thus, conditicnal c¢ptiuwwam couirdl on (m~1) -th the step,/pitch is

locatad as the value x,_,. at enica 4t 13 r3ached the maximum cf value

w’::—l, -

\V.‘,'_ I, m ([:u—ﬁ) = max {w,l;—l, m (lel—2' xu:-l)! =
VL, 1 S0,

::n X mm’( [/ul—l('cm—l)+gm-l(zrn—2 —'x:n-l)-
- - ‘-2

- Rm-l(/ru—l (x/n-l) +gm-l(zm-t - xm—l))+
_+_ “.,7:1 (?.-u— I(xm—l) + VI:‘lu-l (Zﬂl—’z - xrn-l) ~*-
+ R/n—l (fm—l ('tm-l) +gm—l (an-‘.! - xm— I)))]

3. Conditicnal optimum coutcos */(Z,_) cn tke i stage will be

lccatad from the relaticasni,./ratuc

W wlZic)== max | fi(x)+g(Zioi—x)—
dsr<Zi,

- f?‘ (f, ('ri) + 5 (Zi-l - "l)) + w’:;l. ceey ('?t (""1) +
u(Z o —x) R f ()4 g (2 — )]

4. Optimum cecntrel ¥ ac tuwst S3tespspitch and maximum value of

priza w* are found frem ccndicive

[ - W"'l, . = max {fl () =g (/g —x)—

o=,
— R (fi(x)+g(Zy— x))+
WL ) T Ly — ) R (S ()
+ g (Z, = x) ).

> Issue of the first uuraiuy cptiaum ccntrcl
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Zr = (X)) =8 (2, — X)) LR, (£, (D4 g (2, — ¥ )

cotimum ccntreol at seccnd Step/atah:
- Xy = XU
issua of second step/pitch auriay opciaum ccntrcl:
Zi== 2 (5D 4y (7] ~ &) — Ry(f2(x5) + g Z; — )

and so forth to latterslast otey/p«tche.
Fage 99.

de reccmmend to reader ¢ «udepandantly sketch tke diagram of
+he solution of the fcllcwiny pLowieas of distributing the

rasocurcas/lifetinmes.

i. To optimize distriouclua ui resources according to twc
trancnes of producticn tnder tvi.vwing conditions: income is packed
into production nct ccrplete.y, wut pactially ("function of
enclosure" R, (]) (i==1,.... m— 1) are pieset); is wmaxiamized total net
incoms for all stages, w»witaout tak.dj 1atd account remaining

resources.

8. To optimize distriouviva or resources.according to twc
tranchnes of producticn under fuisowiag coaditicrs: income is packad

into production nct ccrpletesy, sauca its kncwn fraction z(f) is
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ramovid in the fcrm cf tax; .~ouwaadsny parc is packad into production;
it is waximized total quanti.y vi iesources (tasic plus inccge) after

® stage. There will not De au; 2f these tasks undar scwme

condictions for that decenexaceud?
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§ 12. Other varieties of tne tus« of duestributing the

rascurces/lifetimes.

In this paragraph we wisl cCuusiler several tasks of the
diffarent regions ¢f practice, wasich wvalcag, actually, to the sanme
category of "tasks fcr the a.stianution ¢f the resotrcas/lifetimes",
but ia which unusual settiny iswueusateiy dces nct suggest abcut the
familiar diagram. €alculat.ny, tha. cha Laader alrszady seizec the
princigles cf dynaric f[rcgrawdsuy, ¥ #ill allcw curselves with the
soluticn cf these rprctlems c. step.iay nack frcm standard notation,
after preserving by ccnstant/iauvaiianla cnly the diagram of the

gsoluticn.

2. Task about weight aisciavution petween steps/stages cf space
vehicle. One must plan multi.eve. space vehicle in the limits of %the
specific launching weigkt u. Cusaouaut's catin tas freset weight g.

It is assumed that the 1ccxket wiud have @ of steps/stages.
Fage 100.

Launcaing weight of rccket ios cumpgused o the weights of all

steps/stagas and cabin:
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»
- AN
U=:al(’.+s’x-

whers ¢/, - weight of tle i s.ep/stags.
2ach step/stage has sSuie suppsy Of combustible. After fuel
deplecion used-up stage it io uascaldsd and it entars in the

cperacicn fcllowing.

Additional velccity 3. saica acjyurres the rocket for the

operating time of the €rgyiue or taec i step/stage, depends both on the

waight of step/stage itselr U, (wesny Jetersining the fuel
raserve)and on the weicnt i tuac cacryo wnich it is necessary to
carry:

vy, = f(G,. P). (12.1)

h
yhers Pi=G  \+ G+ ... + G+ g« (12.2)

- weijht cf the "passive" ca. go, woved oy the 1 stage of rocket.

Xt is necessary tc¢ fina auvautayeous weight distribution
Qy=U—4¢x betveen m stages C. icChet, sitn vhich the vslocity after

the lischarge/break cf all staeps/stajes #ill te maximuam.

fask is similar t¢ cne oI the varsions of the task of

distributing the rescurceés/iifotises, usamely - tha task of the
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raduniancy of the resotrces  ses § 1), pe. b). Actuallys/really, m of
the scages of rocket it 1s pusSsavis ¢O visualize as m of the stagas
cf tha prccess of accelerativd. seIore @ach stage we rust Sclve: what
pacrt of being at our disgosd. welyut, uot spernt, until noe, we is
spent to this stage, and woa. ve JsS3aTve r£or the follcwingy. Ekcwever,
in coaparison with the task vt tae rzdundancy cf r2scurces, examined
into 3 10, this task has cercdin sp@cial features/peculiarity:
function f, which is determiuiny *“.ncoue" from cae stage of
accalaration, it depends not ca cae irjumant - tha "imbedded"
rascurces, but frcm twec - "iluDoudeu" and "reserved". However, this
does not vary the methcd 0I e¢ne sv.ucion and even it dces nct

cemplicate it any substantiasliy.,

Let us designate " - weiyut, saparated to the i-th stegp/stage
("*centrol™ in the i stage); R =% ~(G +G,+ ..+0)— weight, reserved
to tha reraining steprs/stayes. Va.ue % 1s analcgycus to the sum of
rasourca?s /4, that rerains atv ous uusposal after ths i staje in the

task about the redundancy oi resvu.cas.
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Fage 101,

in the new desianatious r[ormusza (1<4.1) can be rewritten thus:
v, = f(G. Q+ gx)- (12.3)
Phase space, just as 1n tne tdas« awout tne recdurdaacy of rescurces,
can b3 assigned in the fcrw or ¢rlienjla AOB (Fig. 12.1) . In each
stag2 the trajectcry reaches ton<é a£is OrL the crdinates (the
"resources", isolated into tue ste./stdage, ccmfpletely ate
expen led/consumed). Ther Sy isles/iwsSts on line 2E, pcint Sww - in tha

tagiraing ¢€ coordinates.

.et us begin, as alwa;s, f.ow tng latterslast stage. Any weight
Qn-i+ dhict vas rresarved as u fesuat Of the previous stages, should
be it goes without saying cowiictery returned c¢cn a-th step/stage.
Condicional optimum ccntrcs at vue m scep/pitch will te

G (i) = Qmore

In this case will i3 acydaieu taa ccaditicnal maxirum velocity

incraaent, #hich ccrresfcauas to yaven Jne a-i
SV Q) = (s 84)
de fix/record weignt “a-: wuich remained aftarward (m-2) -th of

staga. [t is cbvicus,
Qm-l = an-? - G'rl-l'
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conditicnal cptimum ccnvivs ou (@ - 1) - stage U, (9, ) will be
locatad as rotating intc toe Baxiwum tae sur cf twc velocity
increaents: Ja-i achieved/reacuneu in (w@—-1) —-th the stage with
contral U, . and A - gaxiwdd iicceise 1a thke b stage:

AV:..-L n (Q'n—lb): ,

= max [/ {Gm-r Qe — 0, P& T

0V<a <Qn_a N -
+.)V,,,(Q,,|_2—U:n-l)}

m-1

and s> on.
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Pig. 12.1.

Page 102,

conditional optimum ccnerus i tne i step/pitch is found from

the condition

= max |f(G.Q_—G,+gy)+
+AV7+I. e m (Ql-l - Gi)l‘

After the optimization uvi tne firit step/pitch (selecticn of the
vaight of first stage G*,;) taa3 seyueice of stages, as always, passes
for a sacond tire frcp the De Jilwiug toward the end; as a result is

found the set of the optisum welgyuts of the steps/stages:

G. Gy ... G, 3 ai=q,

inl

the iaparting to the usefu. stoy/staje (cabin) saximua speed

AV.=AV:. 2,....m
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b. Distribution cf weapuns os dastructicn according to defended
targets., In those tasks diste loutiulls Of the resources/litetises
vhich ware encountered tc us, Jut..s 0OW, the resources, isolated in
any stage, or gave inccse dau due tO tais vere expended (in full or
in part), or they were reseived, cuey did not give income, but vare

not axpendaed.

dere we will ccrsider taed eculiar task in vhich the rescurces
are agpendad not only in tuac staye whare they give "income™, Dut
alse in those stagas whera tudy “.ucome" do nct yield, intensity of
the axpenditure cf thesé resuvurces depending cn that, was howv amuch
isbedd2d in this stage c¢f tne uirectiy functicning resources.
Discussicn deals with the uiotiinurion of rescurces/lifetises with
the "autual suppert™. As au wXaidpie 4@ Will ccrsider the task about
the distribution of the resources of striking the defended targets.

Pask is placed witt foi.owiny manaer: is planned/glided the
combat interacticn by the speciiic wasapons of destructicn (fcr
example, aircraft, rcckeét, v.nygaa aissiles) cn some defendad targets
(for axamgple, ships, tte ancti-aircraft guns, e€tc.). largets are
distributed in depth ir cthe udpta of tarritery cn several parallel

borders of defense (Fic. 1<i.4).

Page 103,

- F e e L e
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Jefore to leave tc this oDurdeil, W3apons cf destruction pass zone
the operaticns weapons of th.S oOsuef where they undergc bcmtardament
from the side of the latter. sea,wus of each Lorder cam conduct
fire/light not cnly acccrdany, tu tue vaapons cf destruction, which
are guided directly fcr tarjets or tais border, but alsc on those
veapons of destructicn which gars througn the zcne c¢f action, being

direcced to the more distaut taiyets, arranged/located on the

fcllowing borders.

————

U
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Pig. 12.2.

Key: (1). Targets of tle 3Ird buidmi. (2). Zcne of action veagpcns of
3rd border. (3). Targets ¢ .nu dorder. (3a). Zcne cf action weapons
of 2ni berder. (4). Targets ot 1st bocder. (5). Zone cf acticn

veapoas of !st border. (6). Waa,cns of destruction.

Fage 104,

_— s e mem n e————— - -
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The coating of weapons vf destraction is planned/glided as
follows: they are divided 1nc0 toe cobdsSecutive "vaves®; the first
wave is directed to the taryet ur tha 1st bcrder, the second - on the
target of the 2nd border, <tu. ilhe firit wave passeés through the zcne
of action weapons of ttke 1st Loiaei, it bears there kncsn losses,
after which the re;;ining Wweapous of destructicn attack the targets
¢f tha 1st border, as a resu.t i which some fracticn/pcrtion of
these targets is surprised, anu taeir veapcos gc ocut cf order. Thus,
after the coating cf tke fizot wave the 1st tkcecrder cf defense proves
to be partially suppress¢d. isbou eutars in the operation the second
vave; it moves through tke zune oi action of the partially sugpressed
vearons of the 1st bcerder, luses cne thnera certain part of its
composition, then it erters .nto tane zone of action weapons of the
2nd border, again loses there certaia part cf its ccagositicrn: the
remaining veapons cf destruccion attack the tarcets cf the 2rd

torder, etc.
Tha task of plamning tae ccacany 48 posed as fcllowus:
2o distribute the avaiiadie sveapons of destructicn on the vaves

S0 as to turn into the maximua averaje/mean sumter cf the affacted

targets on all borders.

e ————
| g # A
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The posed problea Ly nacure vsedikds of already familiar us the
task of distributing tle resvurcess/lifatiames (™ rescurces/lifetimes"
are hara veapcns cf destructica, v« “iacome" - af fected targets), but

it differs from it in teérms  f twy special features,/peculiarities.

Pirst, the weapcns cf destiuviidn, isolated for the interaction
cn tha targets of cne c¢r the ctaer borier, not cnly isplement their
frimal prebles (strike tarjecs), uut also they prcject/emerge as the
"support® to the follcwing waves, zaciiicating for thea the

overcoming the prelisirary weruers of defense,

In the second placé, in coutrast to all thcse it is previously
examined, this task ccntains tae eacaeat of randcaness.
Actually/really, an actual nusuei cf affected targets and failing
weapons of destructicn can giove to be the fact, etc. in the
dapeandence on the randcs fac.ors (roc oxample, detection range, the

accuracy of shooting, the tasluién of equipmert, etc.).

Page 105.

Tha tasks cf the dynamic p.oyiassiang, vhich contain the randon

factors (the so-called "stocuastic™ tdasiks) fors spacial class and
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raquire the special apgroaca (see g 15, 16). Howaver, in this case ve
will aot use this general/cowmou/cotal apprcach, but solve task
approximataely with the hely vr tae siraplest amethod, fraquently used
in the similar cases: vwe wili iepsaca all figuring in the task randenm
varianles (number of attectéu taryets on each tcrder, aumber failing
vaarons of destructicn) wita theis avecage/mezn values (mathematical
axpectations)., This setticd, «nica strougly sisplifies task, usually
gives ccmgparatively ssall er.crs .n tnd case shen a nunber of the
combat units (targets, w€apcus or uestructicn), which participate in

the vrocess, is sufficieatuy gréac 1.

FPOCTNOTE t. An example cf tne tasa, decided nct according to the
“average/mean”® characteristius, wvut with the real acccunt tc

randoaness, is given into g Jo. tauUFJOOINOTE.

The soluticn of stateéad rovien of distrituting the weapcns of
dastructicn according tc tae deieuwed taryets simpler will ccnsider
based on specific example, a.ter assiguing the specific form cf the

figuring in it functicral ae,enaeuces.

Let be planned/glided cuatiay n of aircraft on the air defemse
vaapons (the apti-aircraft yuas), arrauged/lccated cn a borders (Fig.

12.9) .

—— e e L em e ——————— - - - -
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In all on m borders thec & ale by ¥ of the instruments

N=

43

N, (12:4)

vhers N/ - number cf instruwenis, acrangyeds/lccated on the i torder.

At our disposal tlere awe oy u Jf the aircraft froa which aust

ba formad with m of the wavia:

whera 7, (i=1, 2, esee B) - a auawer Of aircraft, which form part of
+he i wave and which have tas cCeawat mission to influence on the

instramants of the i tcrder.

It is assumed that the «aves ar3 formedsshaped and is ottained
the combat aissicn previgusi,, aau in the prccess of coating no
lcngar they are reccrstructéu. caca vave flies before those fcllowing
with certain preventionsadvauce <u the time, s=o that up to the
nocmenct/torque of the afpfroaca or tae tullowing wave aanages to

already fulfill its ccriat a.ssioa.

Fage 105,

defore emerging at the woruws of tae location cf instrusents,

each aircraft passes tle¢ zoas ci actica of the instruserts of this
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torder wvhere it undergoes bowlkaiawent from the side of those
instruments of this Lorder wuiCa uav3 the capability to shoot (i.e.
they ara found within reacn ana u, to the given mosmént/torque they
are not affected). To attack the .uStrumants, arranged/located on
this sorder, can cnly th¢se ailclazt, Jhich happily passed the zone

cf the operaticn of the inst. udeua. Of chis tcrder and all preceding.

A
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Key: (1) . the u4th berder, N, O iustcuments. (2). Zcne of effect of
instriments of 4th bordec. (s). 3Jeu pocder, N; ¢f instruments. (4).
2one of action of instrument. ox 2xd border. (5). 2nd becrder, N cf
instrimants. (6). 1st Ltcraer, N, vi Lasccuments. (7). Zcna of action

cf instruments of 1st tcrdez. (o). p of aircraft.

O W
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Page 107,

characteriscics cf the afiic.ency of the ccmbat action ¢t
instriments on the aircratt arnd tue iicrcraft ¢cn the instruamerts

followving.

1. Kill probability ¢z voe axzcrait, which flies zcne of acticn
cf instrumants of i torder, is <k resssd by fcrmula
V,=1—e ", (12.6)
vhera N, - average numta3r O. lastiuseats, which were preserved by
thosa nonafflicted on this pvraes, % =~ coefficiert, deranding cn

efficiency of shoctirg cf iastrumsuts at aircraft.

2. Avarage number cf inotiukeLts Oof i Ltorder, Leaten with wave
aircraft, directed alcrc¢ tary€ts ur this bcrder, is expressed by
foraula

-]
Q=N,1—e¢ M|, (12.7)

vhere N, - pumber of instfuweants on i border, E - average number
cf aircraft in i vave, sbica wece prasscved by those nonafflicted
after passage of zones cf acciou oi 1nscruments of this border and

all previcus, P - average/wean 4«11l probability cf cne instrument
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cf border by its attaclking a.rcrait.

It is necessary tc assijyh cae COnpositicn of waves, i.e.,
numbess n;, Nyp ese %, €0 45 TO DwcOwe maximum an average nuwber of

affected targets om all berdecrs:s

»

=

W=

b4

@

i

vhera w, -~ average nuakter o. alzrected targets cf the i border.

Ir order to use the meraoa oi dynamic prcgramming, it is
nacessary to, first ¢f all, uivide tae plarned/glide prccess intc the
steps/pitches (stages). This distisbutrion can te made, generally
speak ing, by differant zetauvus; iv is 1mportant only in the ccurse of
raasoaings clear to visualize vaoe gdetacninaticn of "step/pitch

accepted” and nct to be brou,at uown fiom it tc another.

de will divide fprccass into wane sceps/pitchas, on the Lasis of

its following (it can te¢, suffic.ently artificial) schematization.
Page 1013,
Lat us visualize that tte zoud oI ection of the instruments c¢f the i

border approaches certain nuuwpexr vt aircraft Z,_,, which happily

sucaounted all i - 1 previous boruers of the defense (this number
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Z,.i 4@ will assuma/set Dy tud eyual t) its averages,mean value and
allow/assume, thus, nct caiy ebciws, but alsc fracticpal “gquantities
cf aircraft"). It is necdssa.y waw.s vaiua - existing at our disposal
cf rasource - to divide intc cWo parcs: % - the aircraft, which are
guided for the damage/éefeatr CL tue Lns:.Cumants of the i border, and
vw=£& . —% = aircraft, “rese.veq¥ ror che damagesdefeat of the
instruments of the subseguent poruers. The first will aeet
nonweikaned fires/light ¢f tae ioscviume@ats of the i tcrder, the seccnd
- wita the fire/light, aireauy weasened py fprevicus interaction =

cf aircraft.

Joon this fcrmulaticn O. tae prooles we learn in it the already
familiar signs/criteria of wu3d vasax 13dout the redundancy of

resourcas.

Let us plan the overali didgyead OL its sclution ty the method of

dynamic programsing.

te We fixsrecord result o1 (u-1) =-th of step/pitch: zone of

action of instruments cf @ ouluel approacned Z, , aircraft.

It is obvious, all these awcciaft must be directed toward the
damag 3/ lefeat of the irstruments vi tha & Scrdet. Ccndi tional optiaunm
control at the m step/pitch wiii we

X (2 )= Zm_i- (12.8)

iA,A e i A A S
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Let us determine tha ay.ropisats conditiocnal maximum value of a
number of affected instruments cor & bozder " (7.1} 'Since the m
torder yet did not underyc estect, on Lt were preserved all V, of
the iastruments:

N =N_. (12.9
The kill probability cf @ach ¢i cue chosen aircraft, according to

formulia (12.6), is equal to

\
m,

Vm =] =—¢ '™
and an average number cf air.rait whica will Frarppily cress the zone
cf tha operation of the instouments of this bcerder, it will be

i (Zmet) =Ly (A= Vg =2, _e " m (12.10)

Fage 109.

according to formula (l<.7) cuese aircraft will strike the

avera je number cf instrvmerLts or cue n border, ejual to

[ -,
Wo(Zo)=N {l—e "m'"] (12.11)

whera v, as shows formsula (d<.lv), ispends cr 7 _,.

n

Thus, on the m step/pitun afe found ccnditicnal cptiaum control

{12.8) and conditional saximun si.ze (12.11),
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2. Por planningj,/glidiny (a-1)~-ta step/pitch ve fix/racord
rosults (m-2) -th. let the zvune o0i action of instrusents (m~1) =-th
oo cf bocrdar approach Zm-: airfcCeart; iC>a them it is necessary tc
isolace *=-1 on target (m-1) ~cva woriec, and the others to direct
tovard the m torder thrcugu vade 4 u@ of actior cf instruments of

(m=1 =-th border.

conditional optimus ccucros X, _(Z,.,) will be lccated frcm the

condicion of maximum frize ou two iactaers/last steps/pitches

Wit m(Zmd) =
=0<xmr1|'a: - [Qm_l(xm_l)+ ‘\Y/:" (Zm_l)}. (12.12)
whera @Q,.,(f,.)) = avVe€rage Luuwdiel vi tarygets, affected on (m-1) -th
border by those isclated for ta.s +*»-; Dby aircraft; Zm-1 - average

number of aircraft which wil. agpevach the zone of action of the
instruments of the m tcxder uuriny tais contrcl (this value it
depenls both cn the centrci at (u=1) -th step *n-v* and from the
number of aircraft Ya=7m-2—%m-1r is0lacdd intc tha fligkt/span of tte

zone >f operaticn of (g—-1) -ia wsoiuar).

According tc formula (l<.7; de nave

-~

>
-1
-

shers Q,,.-.(.t,,‘_,)=N”,_‘[l—e 'V"'-'P'""J. (12.13)

~ . -1 Ny )
ym_‘=xm_l(l—-V,"_,).—.-.\,,,_Ie m-vimet o (121

Fage 110.
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Let us ccunt an aveéraye Duswel 2f nonafflicted aircraft cf the
sacond ("reserved®™) grCup, passsdy tarough the 2zone of action of
instrinents of (m~-1) =-th cr wctuei i12 order tc te thrcwn frcs the
o-th. Upon the input irtc tne <cue O cheir Oferation it wvas

Zpoz ™ =t
An average number of instruseats, affactad cn (s-1) -th border
by aircraft, will be ectaliy ¢0 Q..,(x,.;). detersined accordirg to
formula (12.13); consequertiy, ca (&~1) =-th the border will be
rreservad the average pumbel Oz .uastfuaents, equal to
Nt =Ny = Qe (Xo)- (12.15)

Thesa instruments by their z.ra/s.yht Oon the "flying® 7, ,— <,
aircraft decrease their nuaver cu tha average tc value

Zpor =2y — X - € m-1Tmot (12.16)

This value 7Z,., whtich dejenus on Z,.2 and x,.,. aust be
substituted intc foremula (1< V&) aud, sarying ccmtrel v,.,. tc find
saxisum conditicnal grize W, _, .(%..2) and corresponding to it optinmus

condi cional contrel x;_JZM;J

In view of a cceparative couga@xity of the figuring in the task
functions hardly has the¢ sSeénse to atteapt tc teek maximum
analycically; it is necessar, to ccnstruct the series of the curves

cf the depandence of value

Wt m=Qu-t (fm-))+ Wa (Zn_1). (12.17)
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of that standing in the Curly wvieces i rtaght side (12.12), ct ‘'~-v
Fach curve will corresgcnd tu taat datacasined ~.-» and on it will
have to find point vith tne was.wus driinate. The atscissa of this
croint will be cconditicnal G .isus contcoi at (m-1) -th step <, (<, )
and ordinate - correggpcndiL, tv .t COoaditional saxisuam incoase

Vo . .7Z..:) at two latter/iaat ate,S8/p.tches.
411l be further crtisiieu (w=-<) =ih step etc.

Fage 111,

J. General formulas tor coudational saxisus prize W, ...  .Z..»

(and respectively ccnditioud. v,t.smus control « (Z..)) take fcra

“”:. voi, .. m(Zi-)= max i, (x,) 4+ \l’/:, AR
s,
112.13)
where
':, 9
e
Qixp)=N;{V —¢ "I . (1219
y=xe "M, (12.20)
- .
Z,=(Zi.i—x)e ' (12.21)
N, =N, —Q,(x,. (12.22)

4o According to generaiscomsou/total rule the grccess ot
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optiamization continues rijuc up tv taa first step/pitch, after which

is sought optimum ccnticl at eacu stap/pitch:

Hovever, the obtaire¢d audve.s yat arw not (with excepticp x;) of
he ankacwn optiaums tustérs vi saves:
.
since they are formed taxiay iaww acCcount the losses cf aircraft on
all previcus borders. IB Crdelk, us.dj X, tc tind ap initial puaber
ct aiccratt in i wave ' it 15 aecessary tc adjoin tc & the

averije/sean losses of this save 5 Ooa all previous borders.

Let us demonstrate the Cucduura 2t the cptimizaticn of control,
after assigning the corcrete/ Syecaiic/actial nuserical values of <he
parasitars, vhich fiqure in coe Taak.

juasber of torders: ms=y,

Nusber of aircraft: n=ov.

yuaber of instruments Ou cae wocdars: Ny=10; Np=12; N3=15; N=10

(in all N=10¢12+15¢10=47) .

€111 probabilities of iLusciusent vy 1ts cne attacking aircraft:

P=04 py=05 p, =04 p, =10
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Characteristics cf tine efi.c.sncy of the fire/light of air
defenie weapons on thte aircrafe:
a, =005 12,=00% a2,=004 2,=0.05

Fage 112,

Po find optimum nusbeis oL asicraft in the waves:

with wvhich a number of affected lustiusents or all tecrders will be

saxinal.

The soluticp we will coustiuct 1D sStages.

1. Conditicnal cfrtisiZaeiva 0z £ourta step/pitch. We are
assigned Lty the series/iow c. tie values of a number of aircraft Z,,
vhich approached the 2cpe ui activu Of the instrusents cf the Uth
torder, fcr example:

Z,=10, 20. 30, 40. 50.
and li3t us cospute fOor them ad aveiayd nuaber of struck instrusents
of tha uth border acccrdany ¢C toawula (12.11). The results of
calculaticn let us design iu ta@ rotm of the graph/diagram of
dapendence 9%, (2;) (Pig. lcev)s suteciay anto this graph with any 2,,
ve vill be able tc £find thae appsopiiate ccnditicnal saxiaua prize
¥*,(Z;); as far as conticl 1o ccacerned conditicnal cptimum, then it

is siaply equal .
X4 (ZI) = ZJ-
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2. Conditicnal cptisiZaoicu 0L tanird stap/pitch. de are assigned
ty tha series/rov of the vVaiuds vi niaoer 2, cf the aircraft, vhich
surmounted the previcus two .Ciqeis:

Z.==10, 15. 20, 25. 30, 40,
and for each of thea let us couut p.rize at twc latter/last
steps/pitches: the third - uuriny any contrcl and tlte fourth - with

the optisum:

Wy =Q, (¥ + Wi(Zy. (12.23)

whers Z,=(Z,— xy e~V (12.249)
Vi Ny — Q (X))

Qilx)= ‘VJI —e ™ “J R (12.25)

— e e 1Y
Yy= e e,
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Y R Ry B I

'iq. '2.“.

Page 113,

/alue Q3 (x3), enteriny .n (1<.23), is counted according to
foraula (12.25), and W*,(Z;) is avcated through the gragh/curve Pig.
12.4, for which it is necessary v¢ @atar into it with value cf Z,,

under caken frcs forsula (lc.c ).

After producing calcuwiac10us according tc these formulas for the
solected values of 2, 2rd the Sel.w3/r0v Of values x5, we ccnstruct
the saries of curves fcr fuucticn w*;, aependinc cn x3; (Pig. 12.5).
For each of these curves w u.Ote ,vint with the saximus ordinate. The
abscissa of this pcint - ccawit.tbal optiaus control x¢3(Z,), which
corrasponds tc that 2,, vaicu .uciudes tae curve; ordinate - the

appropriate ccnditioral sazawuva paiazZd W%34(2;3).
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de ccnstruct an tte gragh vi £igJ. 12.6 (cn the different scales)
tvwo curves: dependence i*%p(zz) auu lspendence x*3(Z,). The froktlens

of the conditional oftisizat.ou ¢z tna third step/pitch is sclved.

3. Conditicnal cptisizaviou or s3icond steps/pitch. Procedure is
coaplately analogous and saced a0 ¢ij. 1447 acd 12,8, First is
constructed the series c¢cf cu.ves u;5.(lz)' wvhich corresgpond to the
different values of 2, (nuawel v alccraft, which aggroached the zone
of accion of the instrtrents or tae 20a Lorder):

Z,==10, 20, 30, 40, 50. GO,

depeniing on control x, at tue secunl step/pitch,
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Fig. 12.5. Prj. 12.6.

Pages 114-115,

Calculations are ccnducteu aceording tc the formula

W134=Q(x) + W3, ((Z). (12.26)

vhera
Qe =N, [1 — e, (12.27)
== e Vs, (12.28)

and vilue ut!,(z,) is reémcveu/tuxken iron the graph cf Pig. 12.6 with
Zy==(Z) — x)e=n¥, (12.29)
Ny = Ny — Qy(xy). (12.30)
For each cf plotted curves (£1y. 1<.7) again is located the zaxiamua,
and ace ccnstructed the aepandeaces >f 1ts abscissa (conditicral

optimum control at the sdcouu sSceps/prtcn) and its ordinate
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(corrasponding prize) c¢n 2, (Fige 12.8).

sraphing of Pig. 12.8 sulvea tha task ¢f the conditional

optimization of the seccnd step/patcn.

4. Optimization cf firsc¢ step/pitcn. Value Z,, with which ve
arrivad at the optimizatica, aie giaset:
Z,==n==80,
therefore we pust construct va.,; vue curve dependence of “9§ﬁ~ on

centrol x,; at the first stap/piccu (Pig. 12.9).
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Page 116.

calculations for the coustiuctisa vy thie curve are conducted

acccrding to the forrula

Wiaaa(x)=Q,(x)+ W3 (Z) (123D

where
Q,(x,).—.N,[I —e'T-”‘]. (12.32)
v =x,e° "N, (12.3%)
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but value wﬁx.(zt) is remcveu/takei £rima the graph c¢f Pig. '12.8 with

g

Z,=(Zy— x,) e=u%, (12.34)
’\71 =N —Q (%) (12.35)

Zy=n =380.

In the curve of Fig. 12.9 4e nocte pgornct with the maximuos ordinate and
thus e f£ind a maximally fosSsivie prize (average nurber of aftectad
instriments tc¢ all fcur h<idels)
W =W} 23 4=14.1
and optimum contrcl cn the rt.rst step/pitch
Xy = 34.

5. Optimization ¢f enti.a procass. w3 find optimum contrcl step
by step froe the beginring tuv tae end/iead. We isclated into the
compositicn of the first wave (to the damagesdefeat of the

instrim3nts of the 1st tcrue.) x*,=34 aircraft, and the others

y*,=80-34=46 aircratt directed €uithar.

Tha zone of acticr ¢f tué sanstrumeats cf the 2nd berder will

aprroach (see fcrrula {1<.s4 ) tae numper of aircraft, equal to

Zy = 46", (12.36)

vhere Ni=N, —Q (=D (12.37)
"

Q,(x1) =, [I —e W "'] . (12.28)

:l. - ".l't.-a,N, .
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Producing calculaticns witn a,=0.J09, N,;=10, we have

Q(x)=36 Z =37

i.e., oa the 1st border it w.l. se affected cr the average of 5,6

instrumants, and the zcre or actica Of the instruments of the 2nd

bordar it will aprrcach cn tué ave.aya of 37 aircraft of 46 "that

raservein,

Page 117,

iith the

Fig. 12.8 and

i.e., from 137

damag a/defeat

obtained value ci 4*%,=37 leét us enter intc the graph of

will find cptis us cowtrol on the sacond step/pitch

preserved ailcC.ait .t 1S necessary to isclata 23 to the

of the instrumedts uwi tne 2nd kcrdar, and "to reserve™

Y3==37—23=14.

de further find a ruape. vi aurcratt which will apgroach the

zone Of action of the ipstruueats of tae 3rd torder:

vhera

Zi=14e 7"V, (12.39)
N3 =Ny — Q:(x2). (12.40)

"2
Q,(.c,')=/v,[1—e"/’ﬂ"']. (12.41)

o= xje=as, (12.42)
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2roducing calculaticns acceruany to these formulas, let us find

an avarage number cf instiuseats, weatan c¢n tke 2nd bcerder:

Q, (x;) ~ 5.4,
and an average number ¢t a.l.¢rCdit, Wwalca suracunted the first two '
borders: .

Z;==10.7.
With value of 2*,=10,7 We wutel iuto the yraph cf Fig. 12.6 and find
optimum ccntrol cn the ttica svep/pitca

x,=0,
i.@8., to tha damage/defeat Cc. tue ins:zuments of the 3rd border of
aircraft to select ccmpletei, uot uecassary ! This at first glance
1nexpacted conclusicn will pe ceapa@taly natural, if cne considers
that the shooting at tle instruageuts of the 4th border undsr
conditions of our task sucn sore wzficient than on the instruments of
the 3Ird bcrder (’,=0.u: Fe=1) o aBu thacrefore tas sense, in sgite cf
+he counteracticn of tteé 3-u ooidwr, to Ieserve all 10.7 aircraft for

the fourth wave.

from these 10,7 aircrate tae zona of action of the instruments

of the 4th border it will a,.Loacu On theé averags

Zy=27-¢"" =509
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Page 118.

All of these 5,9 aircrait uwust 03 cast tc tha damage/defeat of
the iastruments of the 4th ocrdei. FCow thens they will te preserved
by thiose nonafflicted cr tne davelaye

=2 =35 caug.zn.

Kay: (1)« aircraft.

and taey will strike ¢r thke «tu ocrdar on the average

~a
.

. - 1)
Q=N [1 —_e M ,.] =31 op:.('mm.

Kay: (1). instrument.

The process of cptimizaticn .5 couplated: is found the cptimum

centrol: =34 ay=23 =0 x;=3509.

{t remains to pass trca taese Values (quantity of aircrate,
separatad to this tcrder trcw a nuwbar of thcse preserving tc this
bordar) to values 7. 7. ny. n,. .aciuaed ia the waves, formed/shaped in
the baginning of coating. «@ have
n) ==} =34,

i.e., in the first vave it .15 awecessary to include/connect 34
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aircraft of 80.

In what proporticn it 15 ueCessary to divide the remaining u6
aircraft between the sS€ccOu abdu Ivurth waves? According to ocur
calculaticns after the [assay,@ or tha Ist berder of 4€ "reserved"
aircraft it will remain 37, vr caew 24 must function cn the
instrimants of the 2nd tcruée. 3iuce, accordirg to ccndition, we must
fora/shape waves previcusly, cut not on the tcrdecs cf borders, then
it is obvious, it is necessa.y 10 uivide 46 the "reserved" aircraft
betwean second ard forrth «saves iu relationships/ratic 23:14, i.e., to
incluie/ccnnect in tte seconu dave 27 aircraft, put in the fourth -

remaining 19,

Thus,
n =34 =27, a;=0 n;=19
Juring this optimcs fiauniiy/yliding will Lta affected the
maximally possible averaje nuapver of targyets, equal tc
W= 14.1,
from osottom on 1st berder 5,0, cua <nd 5,4, on 3rd not one and on 4th

It does not rapresént tu@ wiix t0o count also its own losses of
aircraft with the execution vr tae comwat missica. The part cf these

losses, namely losses in tne "reseirved" aircraft, we already computed
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in ths course of computativa, auu 1OC Tnem it is necassary tc
supplamant still lcss ir tuce@ waawcratt which, favoratly after
rassiag tha preceded tcrdiers, a.e 4613i3d to the damages/defeat of the
instruments of this bcrder. an aveiays Juantity of these losses [,
on th2 i border is ccmputeu sIvu tae formula

M, =x;(1 — e "M).

Applying this fcrecla, uBa ai50 taking irtc acccunt the
previously obtained lcssas 1. coe Lé€saorved aircraft, we will obtain

grand average lcsses:

on the 1st torder
13.44-9.1 =22.5;
Jn the 2nd tcrder
8.8+33 =124
on the 3rd tcrder
4.8;
on the 4th torder
2.3.
Altcgether of 80 aircraft «ith tne fulrillment of operation ¢n the
supprassicn of air defense zuns i. wili be lost in average/mean u42;
by the price of such tkeir ce4d .uas5@3 can be achieved/reached amaxinmum

wpriza® -~ it is affacted ca tas averaye or 14 instruments of the
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oppon3ant.

It is obvious, such uacusziurtinjy ot result doas sake it
necess3ary to te planne¢ abou. taac, 1t 15 expedient tc generally
carry out operaticn ¢cn the Sujpleasidn 0t the such well deferded
targets as in our example, warn Tue help Of such veapcns of
iastriucticn as the exarindd oy us aiccCcaft? Hcwever, resasonings on
this thame exceed the scCfre vi ae cvject/subect of dynaamic
prograaming, especially necauss iustial numerical data, on wbich ve
constructed the scluticr, wé.@ seswcteéd frcs the purely systematic

consilerations and have acta.ny au coawon with the real ones.

Let us pause at cre kle jusaiidi, Stated prcblem atout the
distribution of weapcns ¢t uestauction we sclve on the assuaption
that the distributicn ¢t aiicrait 1nco the waves and cutput cf the
combat mission to each wave .s ;ivauceud previcusiy, ard in the course

of exacuting the operatica 1cs urayinal jlan does nct vary.

Page 1290.

In the principle tle missicu can 03 assigned othervise: to
assum3a that on the apprcacada t¢ sacn border the actually preserved
numsber of aircraft (which 1o tas accuracy cannct be previously

fredicted) each tise cptimaisy .5 redisctributed to twc groups: one is
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diracted to damages/defeat or tae tarjets of tkis border, and another
flies further. In the frésen.e€ <r tha nigan sgeed contrcl ccaputer
this optisum redistributicn .s ,u.te possible. The exact sclution of
this task can be constructea wita cha Jenaral methods of the solution
stochastic problems cf tke u,rasac proyraasing (sae 45€& 15, 16).
However, in the first approx.msatavii, it 1s fossible tc use the

folloving method.

In the beginning ¢f cocaeiny (un overcosmirgs of the 13t tcrder)
is solved the task of dynawie. proyrazainyg as this vas shown atove,
and is lccated the ortisum cension on tne first step/pitca x*¢ which
is realized. Then is disccvesrca tuat tae 2nd tcrder it apprcached
actually not 2*, ajrcraft, uvut auvth3r aumber Z,. 3ut indeed with tte
soluticn cf the prcbler cf a, dawic proyraaming we fcr eacn 2, found
the conditional optimum ccateos a%,(Z,;); ve will use this degpendence
and 13t us use for that actualsiy carry.ng out Z, this optimue

control, etc.

Logically does arise tae juesviza: aoes have sensa to study in
tha course of operaticn by tuis "“.ediscributicn", i.e., is great the
prize in an average nuasker o. aliectad instruments, bought tc the
price of this cemplication c. cuuciol? Respcnsesansver tc ttis
question can be given, cnly .£{ es conscruct the more exact

"stocnastic aodel"” of ccatat Qpacatioas (withcut the raplaceament of
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randoa values by their sataewdat.cai 8xpectaticns), sisilar ttis is

done into §§ 15, 16.

S. The same protlez witu awccaer critericn. Duripg the soluticn
of tha previous task (k) we assuwea that the tarjet cf the operation,
carriad out by aircraft, cai;, tae wvasayesdefeat of tarjets
{(instruments), the greater i. w... be aisfended af focted taese
instruments, the ketter. Crica3xicu ¥ w3 bave ap average number of

af tectad targets.

[t is possibla tc consiuac auctnac task when n of aircraft
surmoint air defense zcre in cCigde. bayoad its limits to fulfill scae
cther, basic comtat missicn ftur exaapia, bcmting on the industrial
cbjests). In crder t¢ ersure d waaamalay successful fulfillment of
this oasic comtat task, ana .s se.ecte€d certain guantity of aircraft

for tae suppressicn c¢f air Je fense wdapons.

Fage 121,

As the critericr duriny tue evaluation cf efficiency in the
antirs operation in this case 4¢ is ¢dise to select an nct average
number of affected instrusenis, out an average rumter of aircraft
/m» surmounted all a bcidecs cr 2vu and raady to execution further

combat ogperaticns:
W=2,.




DOC = 80151506 EAGE 224

This task has screthiny Jeawaal/common/tctal with the task about
the distributions of resowces/idietians, wken is maximized not
income, but the tctal quanti.y vi z@3ources (see § 11t), and just as

that, proves to be the "dejeudlaie™ cask of dynaaic pregrameing.

Actually/really in orae. tve uw cOaviaced of this, let us sketch
the diagyram of the sclutica or pivwlam oy the method of dynawmic
frcgramming, The criterion, waoica 4t is necessary tc turn intc the
maximum, exists W=7, =~ an avVeeaye auduer cf aircraft, happily

surpodnted all = berders.

1. We fixsrecord Zm-i- Cunaatcacnal optimuz contrcl at a
stap/pitch ‘;(4.-0 ne lcnger @yuaa to Zm-1+ but it is found frcm the

ccndicion

W (Zm-1)= max {Za(Zm_y. 2}
0<x, <2, ,

where 7 (Z,_,. x,) = averdge numves of diccraft, which suraounted the »
torder with the preset tuave. 04 aarcrazrr Z,.;- which enter tc this

border, and contrcl *» <D tuis wekidar.

Completely it is clear vcat Z. i3 acndecreasing functicm 7.

therefore, and W, is alsc nuhdewcesasiuy functicn Zam-r
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2. We fix/record Z,-» Couwditiiual Optimum ccntrcl on (m=-1)-th

step *n_1(£..;) will bte lcCawed ZZww CThe ccnditicn

W,'..-n_,..(Zm-z)=.)<_rmglla§zmz[\V,'..(Z,..-l(zm-z. Xm0}
vhere 7, ,(Z,_ ;. x,.,) - avelaye DuBwel 0 aircraft, which surmcunted
the first m-| borders dtriny freset “s-? and fixed/recorded ccntrel
¥a-i- [t is clear that funccicnZm—i(Zmez Xm-t) is the ncndecreasing
function cf argument Z,. . CCuséyueutly, and \v,',,(z”,_,(_z,,,A_-,, xa1) there is
nondecriasing functicn Z..; aud tuiS adans, and Wo_ . .(Z..2)— the alsc

nondecreasing functicn.
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Page 122.

J. By completely araloyuus mechod laet us ascexr tain that for any
(i-th) step/pitch prize at a.l iLewainiaj steps/pitches tc eat,
nondecreasing functicn ¢f Luwber vi ai-craft Z,_,. wkich apprcached

this oorder.

dence deducible is the conciusion: the pcsed problem is the
"deganerate” task ¢f dyrawic freyiamiiag. tc plan is nacessary each
step/Jitch separately, disti.butiuy the flown up to this border
aircraft to two fparts - "to Lhe suppPCessicn ¢f air defanse weapoans
and "co the flight/span furtuei" 20 45 to beccme maximum an average
number of aircraft, whicn su.wocduted tais becrder (1rrespectively of

the othars).
§ 13. Distribution of resources/iatetiaas vwith the aftereffect.

Zxamined in § 12 tésks of uwstributing the rescurces/lifetinmes
were characterized by ttat s .ecias feacure/peculiarity, that the
seans, isolated in cre "traach", .iL0jected/emerced as tte "support®

for m3ans, isclated in acctaer, sucriasing the yielded bty them
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incomi. This suppert «as manstesvea 0 julckly after the anclcsure cf

the corresponding nmeans.

In practice can te met suca aitudcicns, when activity of the
"sugporting" branch is manilested LOT CJiynt after enclosure in all
means, but after scme cranzizy oi stages. Ir general an increase in
the iacome of "basic" trdanca dépeuus ca that, hcw lcng passed fronm
the momant/torque of tte auc.csuswe Of asans intc the "supporting”

aranca.

th3 tasks of this typa wave, b compariscn with those previously
examined, certain feature: eageudition from the "basic" branch in this
stage depends not only ca tae sState of systeg at the given
momenc/torqua (whers hcw sucu is iuwbaddad), but alsc frcm the
prehistory of the ccntrcllea piucess (where, when and hcvw much were
investeil means). The freseuce Ci tLais "aftereffect" (effect cf the

past >n the future) generally ccupiicaces the process of plarrning.

darlier has already boeu Jdiscussed cane fact that the prasence of
aftersffect it is possitle tv @auaye, i1ncludirg in the frasent state
of systam those paranmeteérs t.o0a tue past, which essential fcr the

futura.

Page 123,
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In this case increases tte aumvei f ma3asurements of phase sgace and,
thereiore, sharply JIcss a Juautaey Of versicrs of the states which
must ove sorted out in tte prucess of optaimizaticn. However,

fundasental difficulties tals sciutiovon does nct contain.

Let us consider a specis lC Gxialpld or task for the distribution

cf means with the aftereffacee.

[s planned/glided the wuIx ui eatarprise with the initial supply
of means Z, fcrward fcr geriva a 9 yeirs. A cuvantity of means x,
imbedi21 in the enterfrise, .5 cuuvertad an a3 year (taxing irto
acconat of inccme and €xpenu.cule ¢f asans) irtc scre another
quantity of means FP(x), wkicu Cau Lo lass, it is egual cr more than

initial x.

rhe seans, availaltle ia tue wegraniny of each year, we can at
cur discretion either ccapletel; ,ack into the prcducticn or
rartially expend/consure cn ohe auxiliary acticns, for example to the
contant of scientific labecias.o0iy, whica, cénducting research cf
production process, afte€ér ci.tain time after its crgarizaticn raises
the profitableness of fprcductico, id consequence of which the

function cf a change in meaas FP() 15 substitutad ty anotter:
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FM(x)> FO(x),
wvhera k - quantity of years, dui.uy wnicao the laboratcry already

axistad.
function FM(x) wit2 au; & we wili consider nordecreasing.

Jn the content cof labcrato.y, ooviously, it is necessary to
axpen] sose means. Let LS assJdo€ cnat zhese means - ccmpletely
deterained (they do nct depend ca cuc wnim) and are equal to a(k-1)
on th3 k year of the existen.a c<i .avocatory (after it it vorkead
already k-1 years). In this case «w(0) i1adicates the original
expenditures, required fcr taue cieatioa ot latcratory and its content

into course of the first yeao.

Let us aqgree to ccnsiae. tuawe if Jduring scme year cf means to
the Liboratory they are€e nct .3icased, caen it is preserved, achieved
trofitableness level of fIcauctiow is catained, but with the new
anclosure of means labcrator, tuactions and raises the profitableness
of production in the macner <hat 4t 1ncerrugticr in the firancing

they <as not.

Page 124,
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*Control™ of the distiiuut.ca Of weans on ¢acan stap/pitch
(before beginning sach rev 1.scas j;ear, does cersist of the solution
of tha question: temgeriny wvae; <o chs labcecratcery cr nct to releasae?
Aith this simglified fcimuiaviow i cask at each step/pitch is a

selection on.iy Letweéen twC u.leCT.CNS:
U ~ not to reledse weéais,
(/'"= to release€ means.

[t is necessary tc¢ finu tni> coatsol during m years, with which
the total juantity cf veans, aci .wbsddsa in the lakoratory (the net
incsoma plus the remaining paet <z ths sasic means), tcward the and of

the pariod will be maxiasal.

de will solve stated pivoisw wy tad methcd of dynarsic
programming, It is first cr ail nDecessary tc sclve the guesticn: by
vhat parameters we will charfactei.ze tue state of systes aftervard

(i=1 -th of step/pitch (tefvre weyinniny tke i fiscal jear)?

[s otvious, by cne value 74, =~ by & quantity cf means, which
are at our dispcsal afterwaiu («.-1) -tua or stepypitch, it is
impos sible to be bridged, since vaw 1acouwe, whtich we will okttain at

the i step/pitch, dapends Lu. ¢bua; oOn <4hat quantity of mseans we had
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available in the beginring o. jea. and waat ccntrcl vwas used, but
also from that, how mary yeas.sS, deatil aow, wcrked the laboratcry

(vith our assumptions nevertudisss - worxed it continuously or with

the iaterrupticns).

It is necessary tc characCiecice tae state c¢f systea aftear

step/pitch to twc paraseters:

7., = a quantity cf meaas (basic plus income), availatle

aftersard (i-1) -th step/p.zca,

Y- = numter of the yz2dis, auriay #hich fuacticned the

laberatory before begirtiany voe 4 stap/patct,

fhe state of syster S._, asscwIWard (i-1) ~th step let us

regiscer in the form ¢f vecturC watiu CL#0 cOmperents:
Sioy AL k).

As the phase space let us cuusides on plane 20k (Fig. 13.1) the

saries/row of straight/éirece.
=0 =1 2229 L o m—

parallel to axis abscissas; vruiuates of these straight lines are
equal to the integers: C, 1, 4,:. aloay tae axis of abscissas are
plcttad/deposited tte distrivuteu weans Z, alceng the axis of

ordinates - number of years vi tue existence ¢f labcratcry k.
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Paga 125.

Initial state of syster - COwpistesy diterminaticn point S, cn axis
0Z with abscissa 2, (iritias Jguautaty Jf means). If at this step
r2ans to the labcecratcry are .0e Leieasad, pcint on tte phase plane
movaes on the horizcntal; ir wéais to tae labcratory are released,

Foint is aoved with this hocr.zoutaa Liae to the following in crder.

lejion §,, Of the tiral states of sSystem is entire the ghase
spaca (set, straight lires u-0*, 1-1', etc.). Frize lV:#Zm'is nothing
else out the abscissa ¢f lacies/iast point in the trajectory S., The
task >f optimum planrinc/giiwiiiy a> rceéauced tc deduce the pcint,
which represents the state or s ;stem, LOto firal state S« with the

gJreatast abscissa (crdirats uoes avt nave a value).

«et us plan the diagram or iue ccascruction of optimum ccentrol
by th3 method of dynaric froyramaiLg. w8t uS represent gain W=7,
intc fcrm of sum m of tte cowpvneats/taras,/addends:

V=w+w+ .. +w, +uw,
from <¢hich all, except the iatter, arce eqyual tc zarc. We will

ccnstruct the scluticn Ly tae svawuard diagraam,
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1, We fix/trecord resuit (a~-1; =-ca steps/pitch, i.e., 2v¥o numbers:
quantity cf means 7, ana QUaMvesr XTI Yy@ars Aa-;- during which
alreaiy vcrked laboratcry. is ocvuous, 0 {k, < m—1. Lat us ccnsider
and let us ccaompare inccre at tae 4 Step/pitch which vwe will obtain
durinj centrol Um'(if "é uO DUy reliase money to the lebeoratery) and

durinj control g (if w€ C[eiedase). La {irst tle case in the

production will be isbeddeu ala weans "Z,._,- and we will obtain the
inccna
w,,,(z,,,_‘. Ry U‘m) *m_ |)(/"”l D (13.1)

In tha second case ip tke pruducticn will be imbeddad act all nmeans,

but only those which will fewd.a aiter financing of labcratory, and

we will ottain the inccse
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W Zpors Kpeye U == FEm-(Z | —a k). (13.2)

since function F“m-) nut uec.aasing, tlen it is otvious, of two
incomss (13.1) and (1).%) the ZaLs3T is always mcre. Thus, optimum
centrol at the latter/last step/,atCa 2XisSts (/¥ - nct tc release
g2ans to the labceratcry, aidd tuaws control does not depand cn issue
(z—=1) -th of the steg/pitca

Un =™,
but tae corresponding saxiauw price Ls e@yual to
Vi lZaor. b= ROz, (133)
2. we fix/record issua (a#-¢) ~ta step/pitch, i.9., vacter
S =(Z, 1 ko,

Juring centrol (" the pvint iu the pnase space will pass on the

horizontal into peint  S,.i ws«en ¢Od:-iinates
Zyoy=1tCn-Z, ) R =k,

2rize for the latter/iast we sSteps/pitches (during the cptimua

control on the latter) wili ve

\V"_l~l, " (ZWJ-Z. ’\',,"_2, Ulm) - w,." (zﬂl o km—]) —
=W (Flm-2(Z, ). km-3). (13.4)

cr, using formula (13.3),

Wi m (Zm-2 Rem _ 2. U'm) o [«'('mq)(/-‘('.—n 1)(20' ).

(13.5)
Fage 127,
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Juring ccntrcl (/" the puiat +u taa phase space will move with

straight line km-r*k;-z t¢ .0e i¢aldowing in crder straight line and

will hit goint S,., with taec cccCiuidatas
Zm—l = F(.M—I) (Zm-’l —a (km-Z)):
By i =Rpg+'. (13.6)

In this case W,._, , it elii we decerained ty the fcraula

Wi, m(Zm-2 bz UV) = Wi(Zmoy ke 1) =
= “”:-(F(""")(Zm-z—a(km-z))- Rm-2+ 1), (13.7)
cc, tiking into account (1s.3),
‘V;—l, m(Z,,.-z. Rug— 20 U“')=

= F(*n_2* l)(f—"(k,...:)(zm_2 —1(k,..-:))). (13.8)

Jptimun control (U™ ocr ¢“) 4aal ve located by ccmpariscn of two

exprassicaos (13.5) and (13.5 auLJ wita tne selection of maxiamum of

then

W:’l-|.l'l(zll-1' km-—?)= N ‘
W:l—l,m(zm_2- k,.,_'z. U ).

= Mmax : .
WI:—‘, m(z"l-2- km-‘z- Un)

3. Per any (i-th) step/,1tca opciaua ceatrecl (U™ or U'") will bae

located with coppariscr cf teq wip.@S3200S

Wiion ow(Zion ki U™
and

‘Vf.lrl. R | (l,‘_h kl~l- U‘”)
and vith selecticn ¢f raziauue vi tTwea
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W/:.ul..... m(Lic1 Ric)= )
l\vitlpl,..._ m(zi—lu kl-l- U ) !

3 ' L A(13.9)
_m.1x|lwl,‘“|.m' ,,,(/.j-l- ki U'l) ‘

whers )
Wit Zior Rz U™ =
=W FRD(Z) ki) (1300)
W, m(Zio kioy UM =
=Wii L a(FE-(Z =2k 0) ki + ). (13.1H
127
Page 128.

4, Optimization of firsc step/pitch 1s preducad at fixed value

cf Zy and ky=0:

w- wo Wl‘:?,...,m(zﬂ. 0- Um‘).l l'} 12
/! =W =m . 3.
L,2...,.m ax W;‘: 2,....m(zﬂ- 0. U‘“) i ( )

whers

Wie . m(Zo 0. UM =Wy W(F"(z). 0., (3.3
W ml(Ze 0. U) =
=W, . w(F™(Zo—20)). 1). (13.14)
Jptimum control (; at tud iiust step/pitch will (™ (drcE

mneans), if exrressicr (13.13;, .5 wors :nan (13.14). If cn the

contrary, then optimum ccntrua wiis U0 (Celease means ).

FCCTNJTE 3. If expressicns as @ eyual, then bcth contrcls are equal.
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ENDPOJTNOTE.

5. Further is lccated rusSu.ir uf first step/pitch during cptimum
control: (z) &) then optimum coutiel at seccnd stepspitch Uz and so

ca, up to latter/last stef/..tca.

Let us demcnstrate the aciuciuh Of protlem based on numerical

exanmpie.

Let us assuze m=4 and lut us aSsijn functica FM(x) and a(k)
vith a&kg3:
FO(xy=15¢; a()=1;
FY(x)=16x;. 2(1)=0.5;
F(x)=2x; 2(2)=10.4;
FY(x)==3x; a(3)=0.3.
1. At latter/last step/.1itea, as it 1s already explained,
U.n = U; = (j(o,,
i.e. aeans to laboratory to .eiease not nacessary. Luricg this

optimum ccntrcl the frize at taw zZuuwrta stepspitch fcr different k

will be equal to

Wi(Z 0)=157,;
W2 1) =1.62y
W2y 2)=27y
Wi(Zy D=1z,

Page 129,
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2. We optimize third step/.atch. 4@ nave

W (Zs 0. U™ = Wi(1.52;. 0)=2.257;;
Wiz 0. UN)=Wi(1.5Z—1). )=

=1.6(1.52, —1.5)=2.1Z,—2 1.
Of these twc expressicia .uw .icst large of the sacond wsith

2,<16; vhen 2,>16 - vice varsa. fuerafore
2.257, apw Z, L I6.

: — 3.15
VaalZe M= 2.47,— 2.4 bhpn  Z,> 16 (1315
Key: (1). with.
and raspectively
. Um anpw 7,718,
Us(Zy, 0)= e 1 (13.16)

U ynpnw Z, > 16.
Kay: (1). with,

Purthar we have

W1e(Za 1 U™ =W(1.6Z2, N=16"1672==2.567x

Wi (Za 1. UM = Wi(1.6(Z2—0.5); 2)=
=2(1.62,—0.8)=23.27, — 1.6.

Jf these tvwo expressious tae Zirsc will te macre than the second
'ith ZZ>2¢§Q Ther‘fote

2.567, drnpw 2, <25

toasar
3,22, —1.6%pn Z;>25 (000

W;','(Z?. l)=

Key: (1) . with.

and respectively
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K] U™ dnpn 2 9=
Us( 72 I):I ¢ fr SO
LU chpw 2,525 (119

Key: (1) . with.

Purther,

W (2 2 ™) = W7, D=4
Wi 47 2 UM = Wiy -0, 3 =67, — 2.4

)f these twC exfressiouis cuw LicsS: 1S more with %Z,>1.2, the

sacond - with 2,>1,2; ccasdyuaactiy,
. 47, wapw  Z, - 12,
R ¥
Wi (Ze D= |62, —2.qnpn Z, > 1.2
Key: (1)« @ith. R

(13.1M

and rcaispectively

U whipn 7, 2 1.2,

1 13.
UV (npn Z, 2 1.2. (13.20

U;(Zz. = l
Key: (1). with.

Fage 130.

fo assume/set k,=3 OC icdjewi uecaSsary, since for two first

steps/pitches system carncc olIive to Straight/direct 3-3°.

3. We optimize seccnd scap/patca. k@ have

W2 (Z 0, U™ = W5 ((1.52,, 0).
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or, using fcrmula (13.%),

Wi, (L0 U=
‘ 3.375Z, vynpu 1.5Z, - 16,

~N

roe Qupn Z, <103 = 1067, 439y

[ 2]

~

' 3.6Z, — 2.4 Onpn Z, >103= 10,67.

Key: (1) . with.

it is analogous

Vs ilZe 0. ") = w3 (152, — 1), 1),

or, using foraula (13.7),

Wiy (70 U=

3842, —3.84 $how 1502, — 1) < 2.
2

, .
— [ T. c‘(anu Z, <
|
l

137, ~ 6.4 W npu Z,>2

Kays (1) . with.

In order to solve a guasticu, walch of exgressions (13.:z1) or
(13.22) is more, lat s ccus.iucy vha jraphs cf the correspcrding

functions (Fig. 13.2).

3ach of the curves wiii De Divken line, ccomprised of twc
strai jht lines. The saximua uf taese tso functicns is shown in Pig.
13.2 oy heavy line. letters /' awu " wmarked the curves,

corra2sponding tc the CCII€sjeDu.u, ccatboisS. Ercxen line, which

repcrasents the maximum Of téu Luuctione (t3.11) and (13.12), curren*

coneists of two segwents; Ciwba vaDi .as an akscisea, equal tc 4.347%
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Fage 132.

20

”W;‘,, 2,

UIU

fhe equaticn Of this Cusve wisl 03

W, ol ==

Key: (1) . with.

ard, theretore,
fUm%nmu 7, 4
\b'!l) C‘)"p" ZI s
Ray: (1)« with.

(':|/|. )= (13.2:4h

de furtier fini
W;t 1.‘(Z|, I, (‘-yl'\)= ‘V:,‘(I~ﬁ[|- ])'
or, uSing ¥ormuiq (/37),

Vo aZL M =
ltﬁ”d‘ (apw  LAZ, 725
=) T e P npn Z, .1.56,
P5124, —l.ﬁwnpu Z, > 1.56.

3.375Z, ) npw
14.9/, — 5.4 Onpn

(13.25)

7, <7 140,
Z, 440

U "

(13.23)
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Key: (1) . with.

?ul’.‘thet. w';’l‘.‘(zl' 1. U‘”)=W‘;'1(l.6(2|—0_5), 2).

or, using formula (13.5),

SR VAT G = ]
1
‘ 6.1, — 3.2 ('npu 1.6Z,—08 < 1.2,

= T. €. np|(.D - Z,L 1250 (13.26)
ID.(SA-—?.Q apud Z,>1.25.

Key: (1). with,

Bxprassions (13.25) and (Vs.<9) a.e Caprasented graphically in Fig.
13.3. The maximum of ¢twe¢ functicas (13.25) and (13.26) is shcwn in
Fige 13.3 of fatty/jJreasy wriukea i.n2 Jf lines whose equation

[1..07, W apu VAN IS

W iZy. 1)) -
D ez, — 12 0ape z, 5000, D)

Kay: (1). with.

hancsa

UM dape Z, 131

UiiZi = U Q)npu Z > L3l

(13.28)

Key: (1). with.

fo assume/set k;=Z nc iunyes uacassary, since for one firse

step/oitch system cannct aii.ve ¥o Straignt/direct 2-2°¢.
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4. We optimize first stup/patceh.

Page 133
Wa have
W alZe 000" = W2 o057, O

< or, usinc fcrmdia (13.13),

Wi (2o 0. U=
5.06Z, (Pupn 1,52, < 4.49,

== )T, e. dnpu Z, <293, (13.29)
7.27Z,—6.4@npu  Z,>2.93.

Kay: (V). w#with.

[t is analogous
W {Za 0. U =wi, (152~ . 1),

or, azcordingly, tc fcruauia 13.14,,

\V{:z'3'4(Z1). 0. U(“)_—'
6.14Z, — 6.14 fhpu  1.5Z, — 1.5 < 1.31,

== (7. e.Onpn Z,<1.87.  (13.30)
14.4Z,— 2,16 @npw Z, > 1.87.

Kay: (). with.

Exprassions (13.29) and (14.30; aiec caprusented graphically in Pig.
13.4, Pattys/greasy of lines .5 savan tae saxizum C¢f these twc

functions; the equaticn ¢f tuls iiue

W'(ZU; = "V;. 1) =
5.067, Hapn Z, - 2.31,

T2, — 206 (Japn 2,3 2,31, (13.31)

Koay: (1). with.
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dence optimua ccntrc) 4ac tae rirs: stepspitch will be

o I
Uizo=lY Qapu Z, <23 (13.32)
1(Z0) = U("O“p" Z, > 2.31.

(1)« with.

Thus, the conditicral o tisszation Of each steg/pitch is carried

5. let us find nc¢w Cgciwua centzoe 1n all four years:
Ut =(U;. Ui Us UY).

Let us consider tw¢ cCases:
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a) Zg<2.31;
2) Zg>2.31,

In thke case of a) cptiagul cowtrd. at the first stap/pitch will
be U,'=U!°'. on the first yea: oI @daus to tne labcratcry to release not
nacessary, To and of tte first jeai 43 will have nuamber of the means

Z/=1.52, < 3.47;

in this case 4i=0. 1. e Si=(1.52, 0).

fn crder to find cptisuw <cav.o. an seccrd steg/pitch ) let us
turn tc the graph ¢f Fig. 14e ¢e 3aucCas Zf<3.47<4,49. thke optimum
control again is U“:
Uy = U,
i.e. on the seccnd year of wsaws tu tha labcecratcry tc release not

necessary.

de find the result of tued seccnd 3tap/pitch during the crtinusm

control:




DOC = 80151507 EAGE 2!}7

from formula (13.6) fei.O0ds tmac 4lso at tia third step/pitch
the optimum ccntrcl exists ym (uvt :9 release veans), since
Z3 < 5.20 < 6.
ccntrol at the latter/iast scep/pitch is standard: tc release

means to the laktoratcry is 4ot uecessarly.

Page 135.

In this case the maximum frl.e (See LoOraula (13.21)) will be equal to
W* = 5.06,
Thus, we ascertaine€d tout wiiw 10 initial quantity of means
20€2. 31 optimally centrel sxtascs
U= U, ym, o gy,

i.e. laboratory generally staltéd wust noct te.

Analogously we are ccav.ioced, taac with Z5>2.31 the optinum
control will te
U‘.=(U“’. um, yw, gy,
i.e. laboratory one shculd tu wviauy 1msediately, and to last year
presacve. In this case maxiBud lacele ¢ili ke equal tc
W* = 14,42, — 21.6.
#2ig. 13.5 shows +%C oOpt.muu e.iajactories in the phase srace for
tWo concretesspacific/ectuas Vaaiues 9L Z,:
Zo=22<231 u Zy=2.4>23l.
The first trajectory ccrres uiius tu ta3d case w»hen means to the

laboratory are not releaseu; tas s>eCdad - tc case when laboratory is

financed in any stage, éxce¢t tue .actar 1tself.
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Fig. 13.5.
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Let us note that in ocur sxauwgie tae optizur control, degending

cn ths initial supply Cf Bedus «g, i5 constructed according tc the

type "all or nothing"™ y e@icner wita 1 sufficient supply of means it

is necessary alvways (9Xxcept .ase jedf) to hold latoratory, or, if the

supply of means is irsutficient, to 1a n¢ way start it. Here not
under such initial ccnditivns tneire can 03 advantageous at first to

accumilate means, and tc¢ taeus pur vhem 10to tie labcratorye.

This is ccnnected sita .ae Lact caatr we ccnsidered too small a
number of steps/pitctes (m=4;. 1T .S pussibla tc prcpcse to reader
this axercise: to supplement oui auitial daata, i.e., to assign

function FW(xy), F®(x), ... abu edxpeLdatcldCas/ccnsuspticos a(4), a(9),
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esee and to attempt to cCEtaldu suca soldtion during which optimum
contril will be "zixeéd": at .oe iuitial stepsypitches tke means to

the laiboratory are not reéledas€u, auwd taen this tecomas advantageous.
§ 14, Tasks of dynamic froyraua.ny wita th2 ncnadditiva criterion.

All tasks of the dynasic picjyiamsmrny which vwe examined, until
now, they belcnged tc¢ tte ciass ¢i tae “*additive" tasks, i.e., such,
in wnich it is maximized (1t 1s @iuiaizad) the criterion of the fornm

wn

=V
.W—;-;, @i (14.1)
wvhere =, - the "prize", acjusleu «ii tha3d 1 stage.

senerally the mettod ot dyudwic programming can be used also to
the "acnadditive” tasks, 1n waica ths critericn is not represented in
the form (14.1). Scme Cf tpneéud a.e r@iuced tc Ly the additive siample

convecrsion of critericn.

iere we will ccrsider cue siapglasc form cf the tasks, which are
led to the the additive, nNasesly task with the multiplicative

critacion.

“Bultiplicative™ we wii. Caas criterion ("grize") W, if it can

te rapresented in the fcra oc. tue proasct ¢f the "prizes®™, reached in
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the single stages:

W= —_ T
T W .. W, = A['l W, 14.2)

Fage 137.

[t is obvicus, any muit.piscativa criterion W cf fcra (14,2)
be artificially ccnverted to taeé audativa, if we take the lcgarithnm
expressicn W:

e W =X lcw, (14.3)
and to designate
V=IgW, ov,=Igw, (14.4)

we will cttain the new crité. iva.

m
V=§m. (14.5)

pOSSassing the property ¢f audlieavaty and tursing into the maximun

(nini aum) simultansously witu #.

wet us consider twc exawpies Of tasks with the multiplicative

critarion.

1. Distribution © c¢f prvjectiaes accordirg tc s targets which
nust se struck tcgetter. lac taezie be at our disgCsal by n ¢f the
frojectiles by which we wisu tu sciike @ of the targets:

Uy Uy ..., U, (m < n),

the combat aissicn lies in tud Lact tnat tc strike all targets
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without the excepticnseliminacicue It 1s necessary so tc distribute n
cf pryjectiles cr m tarceéts 50 toaat tnad prctatility of the ccabined

damaga/defeat of all targets w eouad reaca raxisum.

de will consider tte diatriivution of projetiles as m- the stage
operacion, in each stace oL wshica vccurs the extracticn of certain
number of projectiles tc¢ tue spec.riic target. Let us designate * a
nuosbec of projectiles, 1sCide€d 1400 taa 1-th *target (i=1, 2, ...,
m). Contrcl u will ccrsist o. ti€ selacticn c¢f the rusters 4. 4. .. k,:
U=tk kae ... k). (14.6)

and ic is necessary tc selsce it uptiaally.

w€% us assumé thkat 10 tud pavcess or the bcatardsant of each
targat are expended/ccrsused dia caosaa iatc it grojectiles and the
rediscributicn of zeans 1s aut rvauced. FPurtherscre, let us assume,
that tha discrete targets aic Sus.rised ty the chcsen cr thern

rrojectiles independertly or éacm othar.
Page 138,

Then «ill probability all & ur Law.y@ecs 1S equal tc the product of the
kill probabilities cf tie diocrete targjets:
W=uﬁmm (14.7)

vhere P.%) ~ kill prclebiiicy <i the i target by isclated on carried
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by projectiles.

Por the soluticn cf posed gfvulem i1t is regquired to assign the
function
Pik), Pyk) ... Po(k). (14.8)
characterizing the vulreravisic; v. targyets ard expressing kill
frotauvility by each cf ttem udpoiuulny on nusber k of chosen into it

Frojectiles.

If all these functicas ale identical:
P ky=Py(k)= ... =P, (ky=P(k).
i,a. the vulnerability ¢t ai. tvalyets some and the same, then task
becomas trivial and is reducsd tev aiscripbute prcjectilas on the
targets atout the possitilit, eveuiy. But if targets are dissimilar
by tha vulnerability, ctvicuoaly, tae juantity cf prcjectiles,
saparated on the tasis ct tae iess Vulaerable targets, sust te

ralatively more,

3efore slinging the svlutica oy coe methcd of dynmamic

programming, let us ncte SUuws O0i .TS profperties.
2ach of the functicns P,(4). secomds zarc with k=0, i.e.,

P0)=0 daca {=1.2.....m




DOC = 80151507 EAGE }{0

therafore, if ve do nct tire, at seast ona c¢f the targats, critericn
4 will beccme zerc. Herca r[0Q.loas tha conditica

>l =12, ... m).
i.e. Oon each target it is ogeLéssasy LY 1Solate at least one
rrojectile, FPurthermcre, swiucCciay projdctiles cn thke basis cf tha i
targec, ve must rememeleér asvut taé iact that tc thcse remaining n-i
targets it is necessary wiravut zuail to raserve at least con cre
projectile; therefore €ach c. tie values %4 is limited not cnly froam

belcs, 2ut also ¢n tc¢f:
bk, Sl —m <=1, ) (14.9)

Fage 1139.

In order to use tle metuou 0o dynanic prcgramming, let us pass
from aultiplicative criterio. (l4.7) cO tae additive, after taking
the logarithe it with acy ctawis/ctase (for exasple, ratural e):

"‘W‘—“g'"/"f/e,)- (14.10)

In order not to deal couCéiiu.nd nigative nuabers, let us

desigaate

Wl =V. \lnP (k)] =v,k)  (4.11),
and w3 will oktain tle raw - addecava - critericn

m

L'=Elv,(k,). (14.12)
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sjince we changed tte si,n or cratarion, them valua V it is

nacessary to no lcnjer tC waald.ce, 2ut to sirimize.

Thus, tasks it is reduced o tha rfollowirg: tc find control y-

vhich rotates intc tte miniaug vasue (14.12).

Che cbtained task calis to waud vaat examined into § 10 task of
distributing the rescurces/i.tet.wes with the redundancy.
Actually/really, availatle n or g.cjectiles can te considered as the
initial means which intc¢ eacu stdaye 2L oparation are divided intc two
parts: serarated and reserveu, @uviecver the separating means are
exgenied/consumed to tite eund/ lwaus Tae special feature/peculiarity of
this task in the fact ttat, .n wiae first place, nuater cf the means,
saparitad in each stageé, cdn nave ¢cnly iptecer values, limited by
condicion (14,); furttetsmcre, tue "iacome” cf V it is not maximized,

but i: is winimized.

In the tasks of distributiny ths cesources/lifetimes we, for the
uniformity, each tire as tue jpaase sSpace axamined triangle AOE on
plane xOy. Here it wculd oe pOSsawia to do sc, tut we will prefer
ancthar, mora demcnstrative wetuoou Of the imace of the process during
which directly evidently not cun.y control, but also the obtained

"prize”.
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Leat us considar as ghase sSpave ¢h3 sat cf tha straightscdirect,
parallel to axis abscissas: o-0¢, 1-1',..., n—n’ with the integral
ordinates (Fig. 14.1). Ecint S, wulca represents the state of systenm,
will pe in the prccess ¢f tne Ccusumpr.on cf rrcjectiles amoved with
cne d>f these straight Jipes ¢c¢ auvther, If intc this target is
isolacted cnly cne prcjectiie, toucu plint S will be movad to the
adjacant straight line; if two - aia jumped tlrcugh ttke straight

line, etc.
Page 140. ‘

Thus, aleng the axis ¢f cruinates wi.i Do plcttedsdepcsited the spent

to this stage number ¢f projscti.as NV [t Aleng th2 axis of atscissas

w

we Wwill plot/deposit tle accumuiated for several stages "prize" X

Jbviously, the initiai otate of systam Sy coapletaly tc

datersinaticn coincides since tae coriyin of the cocrdinates; region

~

S« Oof the final states of s,stew 1S the straight line n-n* (in Fig.

14,1 1=9, m=5)., It is necessery wv findi such ccntrol U (this
trajactory in the phase space), uuiiay which abscissa V= . cf end

—
£ =

reint 5, will be srallest.

jolve to the and/l€¢ad s.atau prooiea of dynamic fprcgraasming,

being assigned by the fpreécit.c vasues ot n and ¢ and ty the stecific
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fora o0f the functicn /7 k)

.et us place a numkiés O. piojecti.ges n=1C, a tumker of targets

m=5S.

Functions /.'%) l@t US awsS.yu a5 follows:

k=1 =007
D=1 = 2. 067 .20 2%,
Doy =1 —u.te,

P ihy = b — 078 L 0.5% 40 0k

Py(ky=1—0,5".

(14.13)
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Page 141,

L.et us note that ficm p.weset rive fuancticns twc P, and F,) are
convartad intc zero rct cpi; wicu k=J, put alsoc withk k=1, i.e., the
seacond and fourth pnrgcses pussess considerakly smaller, in
compacrison with the first, tue tu.zd aad the fifth, by vulperability;
to thisa targets fcr us it io adeCessaly to select nc la2ss than on the
basis cf two projectiles:

Ry>2. Ry 2. (14.14)
Let us pass frcws functauns (14.13) to the rew furctions
v, (k)= [In P, ()| G=1.2.....85 (1115
and for simplificaticn 1n ru.taes calcilaticns lat us make taltle the

values of all functicns 7,(2) (see iavla 14.1).
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2lotted functicre “W(M (@ =1..... 35 tnaey are represented in Fig.
14.2. Since functions 2reé Jeceiruiued oaly milking the integer values
cf arjument k, then lines Fi,. lu4.< shods curves, but by broken

lines.

i

?rocess of plannirg/gi.uwilay set us develcp or the standard
diagram. As the value, shica caaiactarizes the issue cf the i
step/pitch, we will examine wduwuwe. 1, OL the prcjectiles, w=hich
remained at our dispcsal artel tas extracticn of means to the i-th

tar gac.

1. We fix/record issua vf .uultua scep/pitch n, - numper c£
projectiles, which remained a¢ vu. disposal after extracticn of
projectiles to first fcur pus jusese. Let us deteraine the borders in
which it can te located cy u,. Tu rifta target it is na3cessary to

leava not less than cne [LujeCtliw:

ne> 1.
Tabla 14,1,
— .
' 4 o, (R vy (R ty (R} v, (&) il |
i ' |
' 0 ~> 0 (X y ! ~ :
l 1 0.223 ~ 0,105 - 0603 |
2 0,041 1.139 0010 1,204 0288
3 0.008 0,552 0.001 0616 0,134
4 0.002 0,208 0.000 0.358 noRs |
5 0.000 0.160 0.000 02922 0032
6 0.000 0,003 0,000 0143 nops |
| 7 0,000 0.058 0.000 0004 . 0oR
3 0,000 0,034 0,000 0.063 0.004 ‘
| 9 0,000 0.020 0,000 N043 ¢ 0om
L0 0,000 0.012 0,000 000 | o
| i '
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Page 142,

Jn the first four tacyets weie Cel2ased not leass 142+1+726
frojactiles, remair€éd nct aced taau Lodr. Thus,
b {n, <4
Lt is obvious, cptisua ccutivs Oon the fifth step/pitch lies in
the fact that all remairinyg au, givjectiles tc isolate into the fifth

Furgose: ks () =1, (14.16)

In this case the value vI Cci.vorion v, reached at the fifth
step/pitch, is cenverted iutev taoe uwiiiaum and it is equal
Vi(ny) = us(ny). (14.17)
Phis value for any vaius OL u, caa ba found from the latter/last
coluan of Table 14.1. let us iegyasrver 10 new tatle 14.2 conditional
optimdim contrel cn tte fifcu sSteys/picca Kksg*(n,) and value of

critarion V¢*(n,), reacted a. couws contzol at the fifth step,/pitch.

fable 14,2 is ccnteined Ly tue cask of optimization at the fifth
step/pitch. Let us ncte that neie 1t dU3s nct have sense to ccnstruct
graphs, since the possitle values of arjument n, integral an¢é¢ there

are faw of then.
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2. Let us set ny - Duswel ci pIrI juctiles, which remained after

extraction of rescurces tc r.Cst «ul38 purgcses.
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lullk) 0‘(‘}

Uy %)

EXLI)

Fig. 14.2.

Paga 141,

Let us letermine the bcurdar.3s ae. wnich lies, rests nj3. To the
ramaiaing two targets - Icuren aau tae c£ifth - it is rpecessary to
raserve nct less than thres . rCojecriles, aence
y > 3;
on tha other hand, tc tle ri.st tuas9s purposes is spent not less
142+1=4 grojectiles; resaineu uLct more than six. Thus,
3 < ny <6

According to standazd p.oCeuui® TO U5 is necessary with each of
the pussitle values c¢f ry oC 8if.uwaza "prize" V{; for the latter/last
two sceps/pitches during aa; contiol at tne next-to-last step/pitch
and optimum ccotrcl ¢n the iutewi:

V:: 5("3- k‘) = Ua(’h) -+ V; (nv‘).
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cC, %“iaking into accourt that 04=ua3=K,,
Ves(m. k) =v,(k))4-Vi(ny3— 1) (14.18)
fhe conditicrnal cptimum pluide vy 5(ny) and conditional ortimum

equaticn k.*(nj;) they will to iccated frcm the condition

Vi s{ma) = min (Vi (g ko). (111

vhera the mininum is taken iu teiws of all values of a nuaber of

chosea prcjectiles k,, jerais.ted wata :tnis 0.

Jsing data of Tabtles l4e 1l auu 14,2 (intc tlke latter it is
pecessary to enter with nj3~x, Lusceaad JL n,) let us make table from

twe iaputs for functicn (14.14d) (oee Tanla 14.3).

The drawn a line cIapassCuuuvs [dule 14.3 corresgond to the

inpossible, with this r,, va.ues a,. La each takle row is emrhasized

ginimum value.
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Table 14,2.

X (n) vi(n)

0.693
0.288
0,134
0,065

- LIt —

Page 144,

r
It equally v.ﬁ(n,) detersines couuiticaal optimum contrcl at the

fourta stap/pitch k4*(r;). Let uo rLeiuce these data in Table 14.3.

Tanle 4.4 solves ccRyietaay tina vroplem of tae cptimization of

the fourth step/pitch.

3. We optimize third ste[/,ieCh. de are assigned by values of n,
for 4aich we define the tcuaudi_.es. For the first twc steps/pitches
is spant not less than thrase gicjectilias; remained rct more than

seven.

fo the latter/last thies steya/pitches it is must be reserved

not lass than four prc:ectiies; cuausaguantly,

| TN

‘

de construct tatle wita teu auput of the values cf the function

Vil f) = (k) 2V sl — &) (14 20)
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(Tabla 14.5) and vwe seeb i vaca ..0d Of this table sinimsus ruaber:

V;, 4. s{nz) = min {V{_ 5 (nz /"1)}' (14.21)
L

. . —— e
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Tabla 1u.q.

!
v
l

|
1
A panr - ! - - f
\
i

L B L T
a3 Pao LRl —
N AR R T i) 0616 1 NS
—_— i
Table 14.4,
L omy k(7)) V:' 5 () ‘
e |
i | l
} 2 1897 |
1 3 1,200 ;
3 | 3 0,904
5o 0,646 ]
|

Fage 145,

de stress in each t¢ 1iu9 a waidimum number, find k3*(n,) and

4
Visrasrs(nz) and vwe writeésrecousd ctasw in laple 14.6.

The optimizaticn cf tae tuiau sStap/pitch by these is extausted.

de analogously cr*timizeée tue secdad step/ritch. we find the

borders of values n,: 6<n, <9.

die construct takle witon twu auput Of the values c¢f the function
Vi s iln. k) =vlhs) + V;' wilm — k) (4

(see lable 14.7).
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in each line 0f this vdwle =se find tae minimum numter:
Vitasin)=min W s &) (14.23)
L

de further ccnstruct cawile Lui cne optimization of the second

step/pitch (Table 14.8),
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Tabla 14,.5.

‘ I 2 ’ 3 } s i
I
4 2,002 i - i = ! _
5 .44 1,007 i - ! -
5 T l Ly | tses | —
i 7 a7l | oo bosie a7
| _ ! i
Tabla 14.6.
i , L [ '
' P} l 2, (ny) Ve s (M)
‘ -
l 5 l [AL4
b [ 1,009 ,
I S | 0,751
; | |
Fage 146,

4. We optimize first scteg/.aven; value ng=10 preset and is not
variedi; thersfore siszfly wé sewx w.Diaum of k, ¢f function

Viaaas(10. &) =vi (k) +Vases(10—4&). (14.29)

baing absolute sinimum <t cCr.tazava V:

V=Vl s= min (Vias o s(100 &), (14.25)

The vilues of functicn (14.4%} aie givan in table 14.9.

s;mallest of numbters 14 i1avie 14 9 1s equal

L,' = V: :_ 3 V= ]TR‘l

and it is achieved by cptiwuw Seuviol at the fiest step/pitch

=1,
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Table 14.7.

~ I 2 I ) 1 t i)
N | \ I
| ! ' |
s Doaw b - 0 A
I ? 2553 0 258 - -

S p LTS LU66 3 2300 - !

9 tso | TAm g 207
Table 14. ¢,

] ‘ Table 1v.9
- | » - - T T o - -

el ! & Vv '
} 1 . LY z.x.a.s(”l’! £ : . C
! i L B I
ok l oSN N SFT R o : -
: 7 2 l 2553 Vo & )i LI R ) rd A TTY R S
Py 3 | Toee —— . T : ‘
9 3 | 1.561 S T T
Page 147,

In this case protability W co tde uestructicn of all targets reaches
its maximum:

4 4 W* = e-"" 22 0.168,

5. Passing again ertire se,ueuc3 >t stages from taginning towvard
the 21d, we find uncenditicaal vetimum contricl cn each stap/gitch,

beginning frcm the first:

included in Table 14.8 wsita 4, .=y, e find
k;:k;(9)=3: V;_J"'5=l.561.

Furthr vwe have ny==9 —3=0=5.
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incluied in Table 14.€ w1ta uz=o, i€t us find

ky=k3(6)=1; V3, ;= 1.000.

Furtharc n;==6—1=3

from fable 14.4 it has

hy=Fke(5)=3; Vi 5=0.904.
Furthar, .
n=5—3=2;

£ ab 1“. . * :
rom Table 2 he=ki(2) =12 Vi=0.288.

Thus, optimum ccntioi is LcCuud:

Ur=(1.3 1.3 2.

iee., for achievement ¢f tn¢ @ascaulm kill prctability of all targets

4 it is necessary tc isclace iavo ha f£irst ard by third of target cn

one projectile, to the secoLu auu LOurLtn purpcses - cn three
projactiles, and the resaiuiuy two projeciilas tc isclate intc the

fifth purgose.
for the constructicn of trajectdry a0 the rhase space it is
necessary %o still ccmpite vatlies v, (1=1, 2, 3, 4, 5) the "gains"

["prizes" ], reacted in tne s.njyie >tdjes at tle optimum contrcl.

Page 143,
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de have:
SVl —bng s == 1784 — 1,361 = 0.223:
s — Vs = 1361 — 1.009 = 0.552;
s Vs —Vis o o=1.009~ 0904 =0.105;
vi= 1 3 = 0.004 — 1,288 = ).616;
PO e =1,I138.

Che optimum trajectcry vi piaut S 10 thke ptase space will

appear, as shcwn in Fig. 4.4,
«8t us note that ir taio
the mist econcmical meticd oo

ciaflar it would ke sclve tac tasax cf

T&4e saQluticn c¢f tke problem:

“icueNCl ALy wxanmple is demcnstrated nct

perhaps,

raticnal contrcl not of the

dynamic programming, ket siu.de vue countsrshaft (number of ressitle

varsisns it is nct tcc creat; . aceevar, 1n the 1ore ccmplex ftoblens

the advantages of the getaud oi u uaaic programsing beccme evident.

o) the distributica c¢r . asvuices

for increasing the reliability

cf tachnical devices/eqrtifréen.. wet taure nDe tha tachnical

davica/aquipment A, which COwsests OF

&4 aygrecatess/units, or the

asseaoalies
AI‘ /‘2. PR "m
A
(Pig. 14.4). —— —
-0—O—O— -

Ff% _I“{. 4,
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The failure-free operaticm o. 2acu Of the assemtlies is necessary for

the wark c¢f devicesaequipgant 4 as a #hole. Aggregates,sunits can go

cut of order, morecver inde,eiddedtsy OL €ach cther. tha reliabtility

(probability of failure-free cpeiation) of entire devicesequipment is

equal to the product cf tne .esiauvility of tthe single assemtlies
\V=‘lj P (14.26)

wvhara p;,— raliability of tue 4 assaanly.

Por increasing the reirlaviiar,; Of entire devices/ejuipment is
isolated some sum cf resources uge. TL33a CescCurces (expressec¢ in the
soney, the weights or ctterw.ss) cal De 112 an arbitrary mannec
distributed betweenrn the activias, suich raise the reliability cf

singyla assamblies. In crdexr i¢ sacie@isa the reliapility of the i
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asseaoly frcm 7. t0o P> p,. 4e 4> ueC3asSsary to expend the sum, equal

to o Popo

It is necessary sc to u.stiliwsute tane tempered resources in order
to do raliability cf ertire uevicssejlipment cf maximurm.

this task, and previous, a.sv has multiplicative critericn, on
it differs frcom it in terms oI tune fact tnat the control carries rot
discratesdigital, tut ccrtinucds cuaracter and consists of the
extracticn to each assesoly (staye; 9f the specific sum of resources

Y {i=1, 2, eeeqy M). Pfter oae couvarsicn cf critericn W tc the

additive form the lccarithmic v elation befcre ts will ke the
crdinary task of distritvt.rn, cus .esources,lifetimes with the
redundancy (moreover in i1ts sid..est form when in each stage are
expen jed/consumed to tle enuy/lcau ali allocated rescurces), with the

difference that the "“irccme" 15 wut maxiarzed, tut it is minieized.
Page 150.
Wie recommend to readei us tae coatrci tc sclve tha task of

distributing the rescurces tv aw succease in the reliability with

folloe«ing concrete/specitic/actiuas data
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a0 =090, p,=10.95 p;=0.93;

pe=10.353 p,=097.

Z,=+t.

. i | — P
JoPoopp =2 %In i=zr j
FaP. =05t 0
o - ! b=

. |l —
fiiP. px)z()‘;);ln T:ﬁ;:‘
[ 1=pP
. =0.3]1 ;
fatP py) [nl——P.l'

| —P

ngpQ=3im

T—ps |

All fuanctions /.(P) are deterwlieud only for P>p, (131, eve, 5).

£§15. 3tochastic tasks ¢t dynaiaC gacgyraaming.

In practice frequertl; wewt ouca tasks c¢f the rlarning/glidings
in which poticeatla rcle fida, ¢ne iaudom factcrs, whtich aftfect both
the state of system S ard pr.2e w. Ia sucn frcblaams, the contrclled
proc2ss is not ccmpletely aec3iwioed by the iritial state S, and the
salected contrcl U, while ¢Cc a ceivain degree it degends on the case.
Let us agree also the task O. paauuiay/glading to call "stoclkastic®

{probabilistic).

certain represertaticua awvout sinilar tasks we already olttained
in §12, where was found out icte vptismuam distritution cf weapcns of

dastricticn according t¢ tue dsiocuueld cargets. Legfendinc on the case
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a numaer of surviving t¢ tais uciuer weapons cf destruction cculd bhe
the fict, etc., i.e., the stata or system, in the essence, was

randoa.

Page 151,

Howev ar, with the scluticn oL cais ptoolem we werée tcunded tc the
examiaation only cf tke aveiaga/wead cnaracteristics c¢f process,
i.e., they sclved its rct as stccaastic, but as ordinary problem of

dynaric programming.

This method, which is re dicead to ctana fact that the randcnm
Proc2ss previously, even betuls tae soluticn cf task, is replaced Ly
its averaged, not randc¢g, ueteruiued mudel, is apprcximata and will
use far nct always, It givas ra«r iesults cnly in thkese tasks of
which the controlled systea ccasists or the scfficiently multiple
cbjects (as in §12: aircrart, insciusents), and despita the fact that
the scate of each of ttem vasiles iLandoaly, in tle mass these

randoan2ss mutually are liju.cCateu, thay are levelled.

ILn many stochastic tasko u. pianningj/gliding this method cannot
be used; into scme it gives tcu yiweal 233rrors, in others and it is
copplately impossible. And, .B aLy cise, Jdoes always arise the

guestion: strongly whetlter w.li ve cnangyad cgtimum ccntral, if ve
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disrajard/neglect randcsness auu tv CLeplace stochastic task cf that
deterained? In crder tC answel Ta.s JUussticn, it is necessary to be
able to sclve stcchastic piowlews of dynamic frogramming taking into

accouat random factcrs.

In the present paragra.u 4e #.ll jive fundamental approach to
such ctasks and let us fplan yensriassclamon/tctal cutline of the
sclution. In the follcwing ,i6 we w=ill 1n detail dismantle/select a

specific examrple.

lha generalsccmrcn/tocas cciaulition stochastic prcblem cf

dynamic progranming can ke aesciiued as follows,

Let there be the physical s;stem 3, whict in the ccurse of time
varias its state. We can to a celtain aeyree act on this process,
diracting him tc the desireu side, but we mcnitcr this process not
complately, since its ccurse, oesiues the ccntrcl, degands also on

the cas3. This process vwe Ji.l Cais che "randcm controlled prccess".
Let us assume that wiun tae coucrse of the process is connected
our som? interest, which is wipicssed oy criterion ("prize™) W, which

to us it is desiratle tc tecume waximua.

Page 152,
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Critarion W is additive:

W=0>Nuw, (15.1)

where w — the "“gain", acju.rlfed «u th3 1 stage c¢f prccess.

since the state c¢f systea 5 .5 by chance, then randoms prcves to

be gain =, 1in each stace, a.d vueal gain W.

4de would like tc select suca coatrol U, during which prize
woull be ccnverted intc thks wag.wuw. Bat can we this do? it is
ocbvious, no: during cur any ccatrfuis prize W will remain randcs.
Howavar, wa can selact suca ocaviws during which the averagesmean
value of the randcm frize « ei.. we saxiaum. Let us designate the
averaje/mean value (mathemat.cas capactation) ¢f value W by the
letter 4: V= M[W). (15.2)
Taking intc account forwdea (15.1) and using the property of

mathenatical expectaticr!, let us Leg2ster 4 in the fcrm

143

=73, (15.3)

:

wvhera <« — average/fean fui.2 ia the 1 stagae.

FOOTNUTE !, The mathematicas expgavtacion of sum of randcm variables

is ejJual to the sum cf their Gatneaatical expectaticns. ENDPCCTNOTE.
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Thus, in stechastic tusas iusteal of the critericn itself W
which is accidantal, is exaid.Dau 4TS avaerage,/zean value i; tris

criterion is also additave.

'he task of dynamic pEiC,rddié«ug 15 raduced to the following: to
select this optimur cecrtrci u®*, wuacn consists cf optimum ccntrols

UioUs U, on the sirgle stayeS 0 tnat the additive criterion W

would beccme maximum,

f{t wculd seem, matter 1o rLsaue8d co the simple replacement of
critariorn; however this nct .ouse. ihe difiererce betwean stochastic
and Jetermined diagrams c¢f u,nawicv projramming is much deeper: it

concerns the very structurd ot ¢ptainum ccocatrcel,

Actually/really, let 45 Tstawss thi overall diagram of dynamic
programming in the determinéu piciessas, withcut the participation of

randoaness (§7). It ccnsasts or tue foilowirng.

Page 153.

Is fixed/recorded the stats vl z;atea 5, afterward (i-1)-th

step/pitch, and for each cr suca scates is scught ccnditicnal optimum




DOC = 301515C8 EacE 225

control at the i ster/ritcia. Lo tu.s case the state cf systeom after i
step/pitch S, 1is ccupletely ustoiuwined by previcus state S,_;, and used

at tha i step/pitch cecrtres U

S, =S,(5,_,. U7 (15.h)
Equally prize =, at the i scap/pavca 1s completely determined by the
stata of system S, in the seyiLuainy 9t this steps/gitch and Ly used
control U
w,=w(S;.,. /). (15.5)

30 whkather this will u¢ 14 sSe¢cnastic tasks? Nc, not thus. The
stata of system S, after tae 1 ste./pitch is not corpletely
daterained by stata S,.;, auaa couticl U, but it depends also cn the
case. State S with given oues S,., 1ai1 U, 1is randcm, and on given

ones S, and U, deperds cul, poeiwadility distributicn fcr different

varsions cf state ;.

Jain w, at the i stap/p.tca «5 a0t aisc ccompletely determined bty
the previcus state cf system S,y and oy used ccntrcl U, but it is
randoa variable, and cr S.., auu U, daegends crly prcbaonility
distribution between its poswoivie values. But that as us interests
not random gain itself . pu¢ ousy; its average/mean value at each
step/pitch, this randcm vaLladiec o+t 1S possible to average taking
into acccunt protability diseracucion and tc introduce into the

axamiaaticn conditicral m€an pr.ze act the i stec/pitch in preset

staty S,_, after (i-1)-tn step/p.itch aad the specific centrol at i
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step/sitch '

WS, U (13.6)

de will assume that o0Gt. tas Co0asality distributicn fcr randcs
stata S. and conditicral Seds jaia (15.6) they depend only or §
and ¢, dc not depend cr the " iecusstory" of process, i.e., frca that
how, ¢shan and as a result or waalL contiol systes artivad intc the

state S,..;, .

FOOTNOTE !, In othar wcrds, .09 ¢uautroiled prccess Las Markcv

charactar. ENDPCCTNOTE.

Page 154.

dy our task will ceters.ns Lol dach of tle possible randcnm
issu3s any step/pitch ccndic.cuai upciaum ccntrcl at the fcllcewing
step/pitch. Thus, in stcchastilc usagjraa optimum contrcl itself Ux
will oe randos and will pe eacn tiume raalized differently, derending
on that hcw will be develcpdu Laauim process. The mattsr of that
planning/gliding - cr %c wora cut tha Jired prcgram cf contrcl, and
to inlicate for each step/piccn tus Souatrol which one should answer

any randco issue cf the fprav.cus atep/pitch.

In this -~ the tasic dil.9leuus DX vesn the determined and

stochastic tasks c¢f dyrasic .royseawBldy, Ln the determined task
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optimdm control is single dauu 1o sidicited greviously as the wired
program of acticn. Ir stcchiaatic vaSKk optimur ccntrcl is randca and
is chosan in the course c¢f gooCeso itsalf depending on the randoaly
established situation. 1¢1s .s - control with the "feedtack" from the

actual state of syster tC The CCurliOl.

Let us pay.attenticn “C Cide wor2 circumstance. In the determined
diagraim, fpassing process 1iJ4 otayes Lroa tae erdslead at the
teginaing, we on each stage also fouad a #hole series of conditional
optimam contrcls, but cf tnésd ass conirols in the final analysis was
realized only one. In stccanastic uiagram is nct thus, Each of the
conditicnal ofptimum CCrLtICLS Cal giove tc be actually realizable, if
*he previcus ccurse ¢f ranucw riOceSs puts system intc the

approJriate state.

3ut how to find ccrditicgas vptiamuam centrel /v con the i
step/Jitch of stochastic rrccess? Lhis is - such control which, being
gsed at the i step/pitct, ccuvaris inty the maxiaum ccnditicral mean
priza at all subseguent stigs,/picvcaas: from the i-th to the =z-th
inclusively. How to find tuls max.mun? In perfect analogy how we made
in tha determined djagram, J.ta tue liffarence that instead ct the
rrize itself which was acciueatas, is 3xamined its average/mean

value,
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Page 155,

r'he process cf trlarning/ ji.ualg, as always, is turned/run up,

baginning from the latteér/rast (@th) sctep/pitch. ls fixed/recorded

the state of system ~,_. artuer (u~1)-ta steg/gitch, and under this

condicion is sought the ccatica U,(S,.,). #hicl ccnverts into the

taxiaum average/weéan ccrdicicras gLize w,(S,.) at the = step/pitch:
V., (Spep)= nlllnx {0, (Sm—i- U} (15.7)

m

ihen is found dependence U,.(S,.) and W,(S,.) ¢p S,.;- the
optimization c¢f latter, /last ota,/poatch 1s ccapleted. In whatever
stata S,., randcrly arriveud .le system atcer s-1 steps/gpitckes, ve
alrea iy know that to us to dake iditadr and wtat maximum average/mean

priz2 wa will ottain at ti¢ .Latteo/last steg/ritch.

Then is optimized (ma-1)~-tu sScep/pitch. Here matter proceeds so
not simply. Let us first fix sctate S, , after m-2 steps/pitches and
will £ind average,s/mean frize W,_, ~(S,_, {/,.) €cn two latter/last
staps/pitches during ary ccmcros U, , at (m=-1)-th step/pitch and
durinj the optimum centiol ou cae satter vhich to us it is already
known, {ow to find this averuye/wsan priza? We will discuss as
follovs. During any fpreset S,., aaua Soatgol U,., state S,., sill be
randoa, but ve kncw fcr it wuad givwapilacy distributicn, which
depends on S,..; and (/,_,. Ranuca scata S,., deternines by itself

saximum average,/tean cCruitiwadi pLiza at m stepspitch W, (S,
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averaje this value takiny ini0 account the fprcbability distribution
of stats S, ,. We will ClLtidiw cawm “ewice averaged" maxinpunm

conditional prize at tteé & scapy/patcu, <hich degands'no lcndger on

Sa.-i (on it is done the secouwy averajiay), tut cn S, , and U, . Let

us designate this prize
W, (Smeze Ui (13.8)

Ic it it is necesse&ry tv aujyan areragesrean ccnditional gain at

(s~ 7 -th stepy/pitch duriag ¢entiue U, , at this stap/pitch:

i

Jﬂ:—l(sm-l‘ U'n-l): 1153.M

we will ot*tain
\7.;_)_ " (Sm-l" U/n— l) =

=W, Sy U )+ WS,y Ul (500

Page 156,

Let us f£ind the ccntrol ca (wu-1) -:h step/pitch witk which value
{15.1)) is converted intc tas Bax.mua:

\l"f.,_,_ m S ) = nax (\V,;,_L mASmoq U
( Uru—l - i
= N @, (S U )4 WS, Uy (1500

!
R

N =

m=1

Let us designate ttis cood.t.onal optimue contrcl (I, 5, ..
Thus, as a result of oftidizZaticu of (a=-1)-th step/pitch are found
condicional oftimum cecmtrci (,_,(S,_) and corresponding tc it
paximum avaerage/mean ccrditividi pIrize on two latter/last

staps/pitches .., .S, ..

RN
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Analcgously is cptisiZeéu aiy i Stap/pitch. Por each issue of i
step/pitch S, is already kuced cuuulcional maximum average/mean prize
at the subsequent steps/pitcues:

W mtS) (153.12)

3ince state S, is randow aLu aits distributicn degpends on S._;
and U,. then it is pcssibla .anuow gaia (15.12) to average taking
into account protability diserawucion §; and to ottain the "twice
averajed" gain ﬁ:ﬂ“wm(spp U,

After forming it with tle averayss/wean prize at the i step/pitch

during any ccntrecl © s€ wii. Quiawln

[C CLmeN L) =

= f;":l.\-‘_:. J )+'~E’:.|._“_,,.(Si_l. Uy (1531
Randoas optimus ccntrecl cm 1 s¥e./pitza S, ) will te lccated as the

controsl during which value (¥15.13) reaches the maximunm:
“'(,. P, .,,-n\S;-I)z"‘-"“\’;“_”x‘:ls'n,.v_"I(S
.

1

=aax WS, Un+ Wi S L Uph (50

U!l‘|=

=1

'

Applying formula (15.14; ceasscutivalysserially et each
step/pitch, let us find cchu~Tickaa Jdpcimum ccntrol and maximum
condicional mean prize ¢in ai. steys/plichas c¢f rrocess to the second

inclusively.
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Page 157.

The optimizaticn cf the firs. step/pLtch has scge sgpecial
faatures/paculiarities, ccouscCteu with the fact that the initial
state Sy, as a rule, rardom .s uot and 1t must nct te varied taking

intc acccunt protability discriouciont.

FOOTNJTE 1!, For simplicity c. pisoencacion we take cnly that case

whan 3 in the accuracy «nowa. covbOJOTNOIE.

" Since2 Sy is not Lty chance, tuen wot raadca (ccmpletely deterrined)
4ill oe the optimum ccntrcs uw*, auiing the first stage, and
averaje/mean prize takiry .uacc acuouat this stage will te
V=W, . (15.13)

rhus, the frocess cf J4juamic proyrdamming is cospleted; is found
the optimum ccentrel
1 U =(UL UsS). UsiSph ... U (Sp_ ) (15,15
all siements/cells of wbican, @4«cCe.t ¢n3 first, ar2 randcm and depend

on tha state of system.(gcr:cskouu‘ng to this cecntrecl z2aximun

averaje/mean prize is eguai tc (13.15).

lecosmendaticns regarudiuy «ae use/application of this ccntrol

are jiven in the fcllcwiny ruriu: at tas first step/pitch to agply

contr>l U#*, and to await tne¢ resdsts o tais step/pitch; on the
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saconi, depending on issue 5; vi c¢n2 first step,pitch, to chccse tha

optimum ccntrol U*,(S,) and 5¢ Iuvath.
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Page 153.

§16. Zxample stochastic tas« oL tue iynawlc programming: the combined

fire control and of exglcrat.ca.

.8t us consider an elamcactal,; 8xaapla stcchastic task of dynanic

crogramnming.

Is produced shootirj at souwe tvacyset {s. In our disposal there
ace by m cf projectiles; L[or tne uwesStructicn cf target it is
sufficiant one incidence/inp.njowaut. 3n0ts are not dependad; the hit
probaoility into the target ewitu waca 300t is egual to p. Each
projectile has consideratle .c¢sc/value, and therefore tc undesirably
expend projectiles fcr notaiugy, ou ta3 already affected target. We
have the capability, if we w.sa, aitar sach shct to produce
exvloration (for example, to seua iLezcanaissarce aircraft) and to
estanlish/install, is afrtectel tauyet Or not: 1if it is affected, we
will cease shooting and pasv 9z tue 2COJectiles vwill bta saved.

Howavar, to toco fraquertly senu e« loration is nct advantagecus,

since this dearly is byjasseu, wut ulLTzact damage to target in this
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case 4@ will pot fplot. Arises tas qu3scion abcut the raascnable
control of the process cf tue ucimwariameat of target and

reccnaaissance operatices.

It is obvious, the soiuvcivu wus: dispand c¢cn cost cf projectile,
the cost/value of exrlcratiow., and also fros the value of target. Let
the cost/value cf projectiie sS; tas >ost/value of one axploration r;
in the case of the destructicn oL caryJut we ottain the "premium™ of A
(3xprassing, for example, by cas vusSt/value of target itself, either
by the cost/value of the reauciny, work of the opponent, or finally by
our material damage which it vas pussiole to prevent, after striking
targecz). Our task - ¢f plaau.ny uveubacdmeat and exploraticn sc¢ as tc
beccm3a maximum pure/clean "iucoue" fzom the entire operation
{("incomes" from the expenditures vi projectiles and send operation of
Frospectors it goes without sajiny acre considered negative). To
select optinmum controcl - tanio @daus 0 indicate, when (after what in
order of firings) it is=s necessai; to saad exploraticn and vwhen to

ceasa shooting.

The physical systea, sn.cn we minage, consists of the
inforaational component/link (pivsgactor) and weapons of destruction
(prcjactiles) . The prccess, salca tvakas place in the systenm, is the
randoa ccntrolled prccess, aud tue tisk of optiszizaticn amust te

solvel on stochastic diagram. <viicerion is average/sean "inccse” [l
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a

from the entire series ¢f wdasdiws (shooting, explorationmn).

In this example ve deai concernldy tas discrete/digital randoam
contrallaed contrclled piccess «n ceucsa of which systea S
irregularlyly passes of ¢ne state tO anotaer. Let us determine the

cossiole states of system as foiiovs.
Page 159.

W2 wiil ipdicate that systea 3 .3 i1 s:ata S* 0<ikgm— 1. if shooting
at tha target is not yet cou,letau, out fros the aoment/torque of
obtaining the latter/last 1nicruwat.Oa 31bout the target is produced

exactly k of shots 1,

FOOTNOTE !, Let us note that tae sufdrmation about the target can
consist only of the fact taa. taew "tarjet is not affected"”, since

othervise shooting would pe .aded.atzly eaded. ENDFCOTNOTE.

For agtample, "stata s AT lLdivatas: 1s recently produced the
axplocation, which disccvereu taoac tha target is not affected, and
shooting is ccntinued. It is ébv.uus, if shooting yet was not begun,
systaa also is in state S7 siuce aucnentically it is known that the
target is not affected. "Stas e S mans that frcs the

someat/torque of the adsmissiun or tha latter/last information about

S s Cagawg ko TR -
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the target, consisting in tus fact taat the targat is nct affected,
are producead three shots ana 15 aut yet made decisicn abtout the

curtailment of shcoting.

If shooting is ended ac¢ aa,; .wason (are spent all projectiles,
eithar it is discovered, tna. tae tacrgat is already affected, or is
simgply accepted tha scluticn to cea3a sacoting), then we will

indicate that the systes is .a seav? S

3y letters s by Supee 3Ciapes Wwe dasignate different possible
statas of system. One cught wot to confusa them with dasignation S;
which designates the state o. s ;sted aftar i-th step/pitch. In our
procass the numbter of step/p.tca .1l aot at all ccincide with the
nuaber of statae.
AsS the phase space lez us cuasiiac poinmts s s". ... s"". s on

the asis of abscissas (Fige 10.1).

The transition of systéw aw.uptiyly £rom One state into another

¥o vill represent as arrow/,uiuce:, 1S 3aovn in Pig. 16.1.
Let us divide process iutu tae 3teps/pitches. Ratural

“step/pitch” in this case is "saov". Tne fact that in actuality can

be cacrried out not all s ¢x =»n0ts, must pot ccnfuse us: alvays it is

R NP R P S

me e e ——— —_— - — e e e e
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possinle the aftervard latie./iasc astialliy dcne shot tc count off
mantally still several fictitious vnas, so that the total number of

shots (real and fictiticus) wcuiu we alvays equal tec a.
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Figo 16.1.

Page 160,

“§xploration® we will nct coudc iva Caa single step/pitch, since the
cthervise total number ¢f steps/pstches would nct be fixed/recorded.

If after this shot is produced expioration, then we will carry it to

the same step/pitch, as shot.

Thus, we have three var.édc.es of the steps/pitches: shot, shot

vith the subsequent exploratucu auu £ictiticus shot.

Let us consider pc¢ssiuie ccatiols at each step/pitch. If systenm

is in state S7 - shecting .S asrwady snded, thenm there is no
seleccion, and the only fposs.bie (at aad optioum) ccntrel will be:
not to shoot. But if systea .s in state S 0k <m—I)» then at our

disposal there are three versivous of the control:

U"~ to do first-order ste,/pitcn, i.@., to shoot and not to send

exploration,




DOC = 80151509 EAGE 2 F7

U'" — to do second-crder step/patch, l.e., to shoct and to send

exploration,

U"— to do third-order Ste./p+cia, i.8., cease shooting and to
groduce fictiticus shot,
Let us agree to ccnsiudae. taat if tne exploration, execution at
the previous step/pitch, brougatr iaforaaticn “target it was
affected®, then shooting iamsdiate.y caases, i.e., control U™ at

the folloving step/pitchk is iorceu.

-et us dascribe the mot.cu vz poiat 3, which represents the
stat? of system, in tlke phase sgave (Fig. 16.1) . The initial state of

1)

systea S, is completely deteswiimu coincides with pcint o Pinal
stats S... Of pcint is coapiecaes, datermined ccincides wath point
'™ dowever, the interse¢diace usations of pcint S can be different,
depending on the used ccntro. aau suscess of shooting. Por exasple,
Fig. 16.2 depicts this ccncrecte/speci fic/actual realization ct the
randoa process: first are aoue tu.es sSaots without the exploration:
point S irregularlyly is moved aauve S an Sogt g, After the
third shot is prcduced tie @cficiation; it is explained that the

targec is not affected, anu pciiut 5 i3 returned to state 57

Page 161,
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Then is produced four additivanais saots (point it is moved in
SMos sY s'"). it is sent wapaoiatidn, it discovers that tlie target
is affected, and shoctirg ceasés (.o0int S it juseps frea S in ™).
after which it is continueud the Leading ot fictitious shots, if they

yat not all are spent,

dach trajectery, Sisiia. to cuat v recently depicted, consists
of 8 jumps (displacements/movassnts) of the phasa space, aorecver to
all fictitious shots, frcduced aissrwaly 1n state $'"’. correspond
"jumps on the sSpot"™ with tne Leiuii 20 the sare point $'™ After each
step/ditch, at which was uséu ccuticl U'Y (shet witt the subsequent
exfloraticn), rcint S can onay watuec raturn in s (if exploration
it coamunicated: "target was nve azfectad®), cr pass in S (if
explocation it cosaunicateu: "iaLyot was affected”, and is made the
decision to cease shocoting). iet us noute that the solction to cease
shooting to coampletaly thouyuticss.y accept aftervard Proceedings
ntarjet 1t is nct affected”, siuce, keeping ir sind tc cease shooting
with any report of explcraticn, at wouid oe nct more raasonatly

compl ataly send it and nct p.ouuce tie senseless expenditures r.

defore us will coet taw tasa ~ >f selacting optimum control at

each itep/pitch, i.e., tC 1iauicats, vhich 0Of three controls
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GUoU U pust be applied at tais step/pitch depending on the issue
cf tha previous step/pitch. .t¢ .s vbvious, cptisua ccntrol aust
depend on the parameters ci vde ,coblesa: nuaber of projectites m, hit
probaoility p, cost/value or piujectile s, costsvalue of explcration
r and tae "premium" cf A. Lac 4s aut3 caat with sone
ralationships/ratios of the ,araweters tha preblam is solved

trivially.
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Fig. 16.2.
Page 162,

For 3axample, if s>pA, i.e., .bhe wead COst/value of cne projectile is
pore cthan average/mean [LOLie., «uachk it yields with one shot, to
shoot not at all has sens&, ..e., at aii steps/pitches it is
necessary to aoply centrcl U"”. iz 1>A or r>ms, tnan it has sense to
rroluce exploration and ccataci U aust not be applied not at one

stap/pitch.

wet us consider tte€ Yeuwra. Cas3 (at any values cf the
paraazsters) and will ccostidct tae diagraas cf the sclutioa of problea

by the method of dynasic froyraamiage
Pirst of all let us estupniisasinstall, from what states into
vhat passes the system under tae wifact of specific ccntrols

UM U™ U™ and what in this case it LS obtained average/mean prize.

?rom the stata S the ayscsw canudt pass anyvhere alse: single
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possiole (it and optimum) cuuwtici LS v, prize w, (and it goes
without saying average,/mean L.i<e
w) 1in
this case at any i~th step/patcu 15 24gual tc zero:
0,(8™) = w, (') =0. (16.1)
If system is in state s® (0Lks{m—1) 1ts further behavicr and prize

at i-:ch step/pitch dererd ¢a cowciol.

Let us assume that 1s useu coutral U“’(shot vwithout the
explocation). System passes .rca S to £ollowing in crder state
s**Y unless ended all frcjectiies; Lf on the next shot eanded

frojectiles, system passes iutu stata S,

The prize, which we 1n c¢nis casa will obtain, does not depend on
that, passed system in $"*" or in $'. It ccnsists cf two
components/ternssaddends: a0:¢ caadom and randem. Not random
component/term/addend is neyative anl is aqual - s (we for sure lose
with che shot the cost,/value or  ivjactila). Fandom
component/tern/addend is pos.tivesy and the presium which we cn this
shot can obtain, but we caa anu uut dotain. Presium will be okttained
at this step/pitch, if the curresy.cniiny shot proves to be
succassful, will strike tarjot. w9t us £aind thke probtability of this

event.
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Page 1613,

So that the target wculd be afiucied Dy tane data by shot, it is
nacessary, in the first glace, so ithit it wculd not be affected by
previdus k by the shcots, reicasea oiaca would be obtained information
"targat it vas nct affecteu"; rurcvaecmore, it must ke affected by the
precisely this shot. The piuwav.i.ty Oof tais set of events is equal
to
(1 —p)'p.

With chis probability this suoc wail orinyg to us "inccme" in the fora
of pramium A; with prctabiiity '—(i—p)p it will nct bring to us
incoma, i.e., will bring ".acoue". Avacaga value A and 0 taking into
account their probabilities; ws wi.l UDCain average,/mean incche frcom
this shot

A(L—=py'p+0.- (1 —(1 — ptpl= Al —p)'p.

jubtracting frce it tae cusyy/valua of prcjectile s, we will
cbtain the full/total/cCcmfié.é dvelLaja/@e@an priza, acquirsd con one
i-th step/pitch in tte initial state of system S and contrcl u'"

w (s UM)= A —p)'p—s. (16.2)

Let us assume nov taat c¢O tae System, which is found in state
$". 13 used control U® (suo. ¢.uvu tas explcration). Furtaer fate of
systan depends on wvhat inforawat.ca it will ccamunicate exploration.
If this information will De "taiyet 3ifacted®, then system will pass

o,

into state S if "tarcet 15 arzecued”, taen system will pass into




DOC = 80151509 tacE A5

stata s, Probability cf fi.st ot taese events is equal(l—-pf*Eof

the sacond l-(l—-pf*ﬂ

-8t us count averages/wdal pi.<& durang the use/applicaticn of
contril (/'?. It is compcséd o. tae .8liania expenditure/consumption
(cost/value of projectile anu wspsorition), equal - (s+r), and the
averaje/mean inccme, equal tu A= p)*p: altogether

Z, (5™ UP)= A0 = pp— (s (16:3)

Let us assume that to tud systes, which is found in state S is
used sontrol U (sheccting ic .s euadad). Point S will acve in S - and
prize (both actual and averaye/usau) ¥iil be equal to zero:

w, (s, Uy =o. (16.4)

Page 164,

lelying on these data, wa wiii construct tis procass of the
optimization of contrcl. Lst us weyia Wwith B-th step/pitch. Let

aftervard (m-1) step/pitch tue oyscea 09 in state S, (it is not

.v"—n,)

necessary tc¢ mix this staws «icu peiat § Thare can ba twc cases:

my)

eithar we have already Leea .cuua at poirat S {shocting it is

ended) :

Sm-1 =5,
or shuoting is not yet ended, aua th3a we can be found in any from
the raeaining pcints:

Sor=S" (0 TkIm—1.

o
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In tha first case the c¢nly puss.vae (aad, okviously, cptimum) will bhe

contral U™

U,',, (S‘”") =U®, * (16.5)
In tha second case posSsibiy ¢8i; vi tWwo contrcls: U' and U (since
to e31d exploraticn afteér iLavtei/+aSt 300t DO lcnger has a sense).
Lat u3 find average/mean pri<2 .o vha lLatcers/last step/pitch for each
of thase controls. If we Wwii. use coatcol U (shot without the
exploration), then averaje/usdu pLize 4t a-th step/pitch will be (see
formula (16.2))

ST UMN=A=pp—s k=0.1.....m—1).
(16.6'

If we will use ccntrcl U (Lac us ciasae shooting), than average/mean
prize at m-th step/pitch wiii ve
w, (S UM =0 (16.7)
Conditional optimus cuutcui at a-th stepspitch 75" will be
that ¢ith which this avera,e/#@ai ,CiZ3 raaches the saximum:

\7V,',.('Sm)=mu{,l(l —p).p-—s; 0\. (16.8)
Thus, if

Al —=pfp—s5s>0,

then it is necessary t¢ chcosd at w-th Sceps/pitch centrel (', but if
Al —=pt*p—s <0,

(30

- control U". The optisizdcivua uz sacter/lLast step/pitch is

coeafrl atad.

Page 165,
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Let us switch over to o, ctislrsation (m-1) of step/pitch. Llet
aftarsard (m-2) step/pitch tua systes uve in state S.-2 Here again
thers can bhe two cases: €itael saveting 25 ended, i.e,

Sp-2=95

cr it is not yet ended:
S,a=S5"  (0<k-Im—2.

If 5, _,=S"™. again the cnly puss.wls contrcl is U and maxisum
averaje/mean prize at twcC iactei/sasSt steps/pitches is equal to zero:
Un-lS™M)=U" W, a(8™)=0. (16.9)
Let us find conditionali opciwun contrcl and conditional saximus
averije/mean prize cn two iaites/sast stepsypitches whan
Spnoy=3" (k=m).For this let 45 Cous.ual average,smean ccnlitional prize
Wonin at two latter/last stejps/p+vcaads during any ccntrol at (a-1)
the step/pitch and optiszva cenrio. at a-ta step/pitch. Let us look,

in that is converted this prI.ze aurizg coatrclst'}U? y¥at (m-1) the

steo/pitch, and let us sfelecy ducuy thsse three values great.

die@ knov that the =ystes ariws. m-2 Staps/fitches is in state s
Lot us use to it to (p-1) stef ¢cutral U In this case is uniquely
deterained the state cf taw o yscew actsrward (m~-1) cf the step/pitch:

S

&
= S( ”'

me=|

and average/mean prize at (a-1) tae scap/pitch will te deterained by
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formula (16.2). Therefcre we Cau wudadiataly urite the expression

"‘r_/n‘l-l.m(s‘n. U“))=
=;,.-,(S"’. U"’)—{-—'lT’:.(S"’- U=

= Al —p)'p — s+ W, (S™**1). [ (16.10)

Page 166.

Let us assume that is a,jsacu C2accol U?. prize Wa-im will te
composed cf prize Waot at (a=1) tae stap/pitck (se¢ fcrasula (16.3))
and tvice averaged maximum g.lle at Latter/last sthp/fpitch @;. 1t ve
vill £ind as follows. In présat scata s atterward (e-2) steg/pitch

and iaring contrcl U'Y tue s,;stes wich protability (1 —p)**' will pass

into state 3

. and then zaxiaua averigs/mean prizg at the latter/last
step/pitch will te ecual to W./S™) wita probabilijty ! —ii—p'"' it
will oass in S'. and tten pI.zs av tae latter/last stepspitch will te
equal to zero. Averaging¢ taesd twu prizes taking/intc account their

probasilities, we will citaiu I

“—-,"n(sl')‘ Um)=(l __p)fbl“?'(s( ))
and Waia(S™. U=

=AU =p)'p = s+ 4+ — ) WS™). (6.1

P?inally, during ccntroi U'"™ at (a-1) the gtep/pitch average/mean

priza for the latter/last tws sieps/pi.cnes vwill be equal to zero:
Wi a(s™ U =o0. (16.12)

wet us find maxioum of .ofee vasiuss (16.70), (16.11) and

(16.12) ¢

s A g A S tad. v M A -
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\?,;_LM(S(')' U“’).
Wit (5™ = max W/,,’.-._,,.(S‘.). UM, 1=
! ﬁ;’;_l.m(s(ﬂ' U(J))
Al —pY'p—s+ WL (s™*Y), : l
=max | Al —p)'p —(s+0)+(1 =)' T (57).
| )
(16.13)

Then from contrels U'". U”. U™ 4¢ wauiza reaches this saximua, and

thera is optimum conditicnais coutsol Un-1($"at (a=1) the step/pitch,
Fage 167,

Is in perfect analcyy o tiwmarsed aay (i-th) step/pitch (1<i<m).
Fiksiruem isxod (i-1) step/p.tcu S If
Sl-l = S(M,.
the further control will oe U™ auu prize at all subseyguent

steps/pitches zero. If
S =8"  O<r<i—D,

the further behavior cf systeuw aLu avecaye/msean prize depend on

control. If to i-th steg/pitch is used ccatrcl U'". then

s _s(.*"
| = f

Wi, n(SM UM) =
=, (™. UM+ Pl (™ UM =
n(STY). (1614

and

Let us assume that at .-ta s.sp/prtch towvard the systes, vhich
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is found in stateS" (R#m.i5 ygeu concroi 17 Average/sean
grize W/ .= vill t¢ @, 0sea wf averajessean priza w, on i-th

the step/pitch (see fcraula ,lo.4)) and twice averaged saxisus prize

W. . . at all latter/las. 3cepa/pitcaes, teginning (i+1). This
tvice averaged prize let us .inu eata cae help cf the fcllowing

reascaings. In preset staw 5" a.vecwacd (i-1) stap/pitch ard during

(2)

contril ('Y at i-th step/pit.h Lae Syscam with probability

(l —_ p)l*l

will pass in 5'” any tued saxiaus averaje/sean orize at
the latter/last steos/pitcoéa, veyadRiaj (i+1), therm will be
W, . .15") (this prize we ai.6auy s fouad, optimizing (ie¢1)

+1

step/pitch) ; with prctatilice, l—(1—p)"" the systea will pass in s
and then average/mean f[IliZe «t ass SuDsdguent staps/pitches will be
equal to zero. Averaging taese LWy pPriles taking into account their

rrobaocilities, wve will cbtaiu

Wit .omE U= =)W1, (s™)
and w () (2} ']
iy, a8 U= A0 —p) pP—(s+r+
+U=p"' W alS™). (1615
Fage 163.

Pinally, if to i-th ste./patca 411l pDe used control U
averaje/mean prize at all suvse, ueiut staps/ritches will be egual to
z3ro:

Wein...a (S, UM =o. (16.16)

Let us find maxisus of wxp.essions (16.14), (16.15), (16.16):
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@ el U) i
R I T T

@1 als™. o) |

.‘l(l_.p,'p_g_:,_if/:‘l_m. m(S‘h”).
=m""“l_P)'p-(s-r-n-'f-(l—p)."WV.'.;' ,,.,(S'm).
0
(16.17)

The somtrcl —U" UPor U™ — ut sasch 13 achieved this maximum, and

thers is conditional cptimus cout.cl a: a-th stepspitech UI(S")

thy optisizaticn ¢t the filasc step/pitch is implemented cn the
saae principle, with tte dir.efeive chat 1nitial stateS” 4is not by

chancy and hypotheses akcur .t tu 4ake aut necessary.

[f to the system, whicu 1s Luund .ia state S" cn the first
step/iitch centrcl U then .t uwweu passes into state S and
average/mean prize will e

Wyg W8T =Ap—s Wy R (8T) 116.18)

[f will be used U™ tuea.
W' 8T U=
=dAp—i ko —p Wi, LS™. (16.10)
If will be used U" taews

‘Y,l.; . M(S.m' U..’H)=O. (lﬁ.'())

Page 169.

Jptisum contrcl ¢cn the .ifsb stsp/patch is found fros the
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condicion
W=W,. . (M=
Ap = s+ Wi ... a(s") |
= mnxl Ap—(s+r)4() —pW,, . A (S™).} (16.21)
{ 0 ‘
Thus, the constructicn ¢f G olauua cOatcol by randca process is

ccaplatad.

-2t us consider a $peci.iC wsadple. Let w=6; p=0.2; s$=1; r=0.4;

A=8., Let us deterrine cptimua ccuciol.

L.et us lead the optimizZaticu of latterslast (sixth) step/pitch.
If after five steos/pitches -a0ct.uy i3 already anded (S*). then we
apply control UY (ve dc not sSucec) ¢@ ootain at the sixth step/pitch
averaje/mean prize W*(s¥)=0. ir aztac five sters/pitches state
S"(0 <k 5. then the selectiou 0z wyt.aum control is achieved,/reached
detarained by the sign c¢f tne uiIlerencsi:

AQ—pfp—= (16.22)

if it is more than zerc, it .3 appsiad control U". if less than zero
- control U Lat us ccspute tue valaes of difference (16.22) for
diffarent values ¢f k ana iee. u» ~wduce taas to the table (see Table
16. 7 . In the same table in .v0 .uwer Lines let us give optiaua
control at sixth step/pitca Us(S™) and correspcndirg saximum
averaje/mean prize W:(s"). Ia tae sattws/last chair cf the sase %table

lat us place the same data furl casw S;=35"
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%able 16.1.

’ » 0 [} 2 3 4 3 6

A(l—pp—s| 060 028] 002| <0| <0 <0 —

U; U\Il Utl) U(H Uc-ll U(Ji U(J) Un.\)i
L W™ 060 [ 0281 002] 0 [ 0 | 0 | 0 :
Page 170.

Table 16.1 contairs tne Luii/tocal/conmglete results of the
optiaization cf latter,last oteé,/pyitsh. It is pecssible to forasulate
thea as fcllows. If vere f[IGutCed alrdady five shots and the
lattar/last informaticn aboue tae tacyet (target is nct affected)
they acted recently (k=0) @1cbes 40C Oud Shet &c that (k=1), cr for
tvc saiots (k=2), then 1t 15 LéCewseary ¢o prcduce latter/last shot,
soreover vithout the explcraecics (coatcoi UY). Eut if from the tise
of obtaining the latter/last iu.ucmatlion abcut the target are already

relea sed three cor acre than onuis, then 3aculd Le ceaszed shocting.
Thus, our optimum tehav.or ac tae 3ixth step/pitch in the
accuracy is defined, nc matter uus unfiiaed the events at the

* previous five steps/pitches.

fo optimize ccntrcl av .ne riita step/fitch we will be, using




o ———— o —
e m—— ——— e — - .

poC = 80151509 tace 20¢

formula (16,13) and teariny .Bb @awa taat functicn W,(S*) with any k
alrealy is in table 16.1. n@w @ we uali co ccampare nct twc, but three
pumbars, shich corresgcnd t¢C tules CORSLOLS; bocwever, since cne of
them corresponding tc ccatios U — aleays zoro, then write cut ve
vill ve only twc of them., LI cuta LuabeCs prove to ta positive, let
us salect the. contrcl wkich ¢crsiesionds yreater of them; if cne of
the niambers vill be fcsitive, auotaec - negative, let us select the
contryl vhich corresgcnés to posacivs aumoer; if bcth will be

negative, let us select ccnt.oi U Naca let us reduce in Eatle 16.2.

The optisizaticn cf tue fiivu Sceép/partch is carried out. The
output: after tte fovrth Ste,/p«tea uader no conditions it is not

necesiary to send exrlcraticu.
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%abls 16.2.

FA(L—p) p—s 4 T5(S*+) 088 [030 002 | <0} <0].—
AQ=pfp—(s+n+
Tt (™)

068 1026 <0| <0 <0| —

; U;(S"") g™ g [gh g [ g@ [y
é s (5™) 'Q% 030(002] 0 | 0f 0
Page 171,

If tha information akout tne targyet 1s obtained racently or for one
cr two shcts thus far, theu .t .s necassary tc do the fifth shot
{centzol U™). but if frem tne mdaewt/torgue cf obtaining the
latter/last information aboui thne tacgyet are dcne threa or mcre than

shots, it is necessary tg cease sucotiag.

»et us compose analogous tawse £Or tae optimization of ccentrol

at tha fourth step/pitck (Eavle lo.3).

Jptinmization of tte fou.tu step/pitch it is carried out. The
cutput: if after the third sc@p/p.tcn 3ysten is in state $” (are
recencly obtained the infocraaticn about tae target), then at the
fourta step/pitch is ecually piui.tanis any of the comtrols U U%—
to do a shot and to gsend or .ot ww Seni exploraticn. If the

inforasation about the targer is vwtaiaid for cne shct or for two to

L immes e m m o e e
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that, optimum contrcl will U®— 4¢ a shot and sand exploraticn. If
the iaforsation about tte tae jwt .5 Obcainad for three shots, optimunm

contrils U¥— to cease shooriuye

fhe optimization ci the taiiu aud secend stap/pitch is carried

cut in Tables 16.4 and 16.5.

Juring the optimization or zae f1-st step/pitch there is no
necess ity to vary the resuits cr . revious. The state of tae system
befors the first step/fitcn e xiste S Therefore in the apprcpriate

tabls there will be cnly cne cCiuwh, waich ccrresponds S$% (see Table

16. 6)

The process of the optiwication of contrcl is completed. Is
found the optimum centrcl: uuCowunrional - cp thke first steps/pitch

and conditional on all cthers:

U'=Ui=U" U(S1). UsSah Ui(Sa) Us(Se). Us(So)-
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Table 16, 3.

A —p p—s+ W (S**P) 09 | 030{002] <0] —
Al—p*p—(s+n+

F(— Wy (s)| 090 | 034|007 <0 -

U:(S“’) U, gD g LR 3
W, 5.6(5™) 09 | 034]007] 0| 0
Fage 172.

The corresponding averace/uwcal pisse W#=1.08; in other words, the
gaxiaim avaraga/mean inccame shica we can attain, rationally ccmbining

shooting with the explcratiocu, is syual to 1,(8.
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%able 16. 4.

!
L A= - T) o(S*Y) | 004 035 ] oo2| — !
Al=pfp—ts+n+
| + (=)t W 6 (S7)
t’/; (S(l)) U(l) U|2) (,(2) U(3)
| W3 a5 6(S™) 094 | 046 ] 008| 0

i
|

092 | 046 | 008 { —

Tabla 16.5S.

f
i

A= p—s + ‘7; N ;’5(5‘“’“) 1,06 0,36 —_
A —pfp—(s+r)+

= 0, 0,48 —_
=l —ptr! W3, 4, 5,5(5‘0,) *
. U (S"") o ud uy
¢ |

W e e (8™ } (06 [ 048 ]

Table 16.6.

.4(‘.—p;'p—s+W’;,;,;,'-.s(s(““) s

A= o= =N ==t W, -._5(5““)! H
v A

V=W e } 108

Page 173,

Let us look hcw cccurs .uv iwalization of optimue control.

At the first step/fitcn we a.ways apply centrcl U {.e. ve

nake
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shot and we do not send expivcrativie. A3 a result of this the systen
rassas into state sV Ip tais State, as can be seen fror Table 16.5,
optimsum control is U?— to uo a swot and tc send e xploration. If
exploraticn communicates “tasget .t 1s affected", then shooting
ceasas, i.e., at all stlsejuedt oteps/pitches is appliaé¢ ccntrol U™
But if axploraticn ccmrunicaces “zarje: it is nct affected", then
systea passes into state S$” Ian tuls scate, as can be seen from Table
16. 4, at the third step/picvcu sacusd o3 to apply ccntrol (" (done a

shot and not sent the e€ixploraticmy, as a result of shich the systenm

will pass intc state S

Jeing convertsd tc Taoie 1we.s, ¥3 xand cptimus control cn
fourta step/pitch U? (tc savecr aiua to send exgploraticn). If will be
reported "target it is attected", shooting ceases at the following
step/pitch., If will te 1@poriau %“carjet 1t is nct affected", then
systam passes into state $" frua Tavle 16.2 we f£ind cptimum control
cn fifth step/pitch u? {(tc shoot anl anot to send exploration). As a
rasulc of this ccntrel the 5, stem will pass irtc state S". Frca Fable
16. 1 it is evident tfkat 1n tuls Cause tae optimus ccntrol at the sixth

step/pitch again exists U".

?ig. 16.3 dericts the taodjectury 9f point S in the phase space
duringy the obtained cptimum ccatxsva, constructed on tha assuzption

that the first exploraticn cusuwunacated "target it was not affectad",
but the second - "target was affected".
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Pig. 16.3.

Page 174.

In our example it turncu vut thit io the optimum ccntrol U* are
iaclaiad only centrols U™ auwd U™ and ccatrecl U™ apgaars cnly in
the cas2 Proceedings "target 1t .o atffactad". This sill not always be
thus. In cther parameters or the groolam contrcl U™ can prove to be
advantageous and withcct cutalnau, Procesdings the "target is
affected”, We reccmmend TC Ledues aS tae exercise tc find the
soluticn cf problem withk tne foiivwing paraseters:

m=>35, p==%; A=1 s::%; r==%.
Let us jive for the collatiou tane uptiaua ccntrcl which must be
cbtaiaed during the scluticn 0r caas task
U= (U™, u®, g, g, gy,
this stochastic task piuves v 03 in a certain sense

"iegonerate,” since crtimua ccntivs 1S nos by chance.
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